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BBenenue

Kypc «AHanuTtuueckas reoMeTpus U JTUHEHHas anredpa» 3aHUMaeT BaKHOE
MECTO B MaTe€MaTHYECKOM OOpa30BaHUM CTYACHTOB (hU3MUecKoro (paxyibrera.
Marematnueckue METOJIbl aHAJTUTUYECKOW TeOMETPUU U JIMHEHMHOW anreOpsl
JeXKaT B OCHOBE KJIACCMUECKOW MEXaHWKH, TEOPUU TATOTEHUSI, TEOPUHU CBETA,
(bu3NYeCcKUX MOoJeH, TUAPO- U A3POAUHAMUKH, aKYCTUKU U BCEX JIPYTUX HAMpaB-
JIEHUM MCCIe0BaHMs B 00JacT PU3UKU. MaTeMaTu4eCKre METO bl TTO3BOJISIFOT
MOJIyYUTh KOJMYECTBEHHBIE XapAKTEPUCTUKU (HU3UUECKUX SIBJICHUM, pacCUUTATh
C 33JJaHHOM TOYHOCTBIO XOJI PEAIbHBIX MPOILIECCOB, IPOHUKHYTh B CYTh 3aKOHO-
MEpHOCTEN (PU3NYECKUX SBJICHUM, MPEACKa3aTh HOBbIE 3(DPEKTHI.

AHanuTUYEeCKasi TEOMETPUS — ATO CIIOCOO PEIICHUS] T€OMETPUUYECKUX 3aau
AHAJTUTUYECKUMH, TO €CTh aJIreOpandyecKuMHU METOJIaMH. JTO O3HAYaeT, 4TO
BMECTO PUCOBAHUS YEPTEXKa M U3YUCHHS] COCTABIISIIONIUX €r0 T€OMETPUYECKUX
00BbEKTOB MUIITYTCSI (OPMYJIbl. AHATUTHUYECKAs] T€OMETPUS JIETKO CIPABIISIETCS
C 3aJlauaMH B MPOCTPAHCTBAX JHO0ON pa3sMEpPHOCTH, B TO BPEMSI KaK Fr€OMETPU-
YECKHE METObI PEIICHHS B 3TOM CIy4Yae WM OYEHb CIIOXKHBI, UIU IMPOCTO HE-
BO3MOKHBI.

MeToabl aHATMTUYECKOW T€OMETPUH U TMHEHHON anreOpbl MPUMEHSIIOTCS B
KauecTBE alapara U UHCTPYMEHTa UccieaoBaHus puizndeckux spieHui. Co-
BPEMEHHBIN (PU3HK JOJKEH UMETh MIMPOKYI0 M TIIYOOKYH) MAaTeMaTUYECKYIO
MOJIrOTOBKY, XOPOIIIO BJIaJIETh HOBEUIIMMHU MAaTEMaTUYECKUMU METOJIaMH HC-
CJIeIOBaHUsS, KOTOPbIE MOTYT HIPUMEHATHCS B 00JIACTU €T0 AEATEIbHOCTH.

B npakTuyeckoM pyKOBOJCTBE PACCMATPUBAKOTCS: KPUBBIE BTOPOTO MOPSIA-
Ka ¥ UX OO0IIMe CBOMCTBA, MAaTPUIIbl U JEHCTBUS HAJ HUMH, CIIOCOOBI BHIYUCIIE-
HUSL ONpeaenuTeIed KBaApaTHBIX MATPHUIl U CIOCOOBI MOCTPOEHHUE OOPATHBIX
MaTpHUIl, a TAKXKE yCIOBUS JUHEUHON 3aBUCUMOCTH BEKTOPOB.

KpuBbie BTOpOro mnopsiika BIEpPBbIE YNOMHUHAIOTCS B pabore MeHexma
(380 r. 10 H. 3. — 320 1. A0 H. 3.), B KOTOPOH OH paccMaTpHUBal UX, KaK KOHUYE-
CKHE ce4yeHHUsl. MaTpullbl HIMPOKO MPUMEHSIOTCS B MATEMAaTUKE JIJISI KOMITAKT-
HOM 3aIllMCH CUCTEM JMHEWHBIX anreOpandeckux U quddepeHnnalibHbIX ypaB-
HeHui. OnpenenuTenab — OAHO W3 OCHOBHBIX TOHSATUM JIMHEHHOHW aireOpshl.
TepMuH «OonpenenuTenb» BO3HUK B CBS3M C 33/1a4y€i PELICHUS CHUCTEM JIMHEMH-
HBIX YPaBHECHU.



1 KpuBbie BTOPOro nopsiika
U UX KAHOHUYeCKHUEe YPABHEHUA

1.1 KaHoHM4YecKUe YpaBHEHUSA JUHUUA BTOPOI0 MOPSAKA

JIuHuYM, ypaBHEHUS] KOTOPBIX B MPSMOYTOJILHOW CHUCTEME

KOOpJIMHAT ~ SIBJIAIOTCS.  YPAaBHEHUSIMH ~ BTOPOM  CTETICHU 3
Ax* + By’ +Cxy+Dx+ Ey+ F =0, Ha3bBalOTCA JUHUAMU / ,L--
6mopoco nopsioka. K BaKHEUIIMM JIMHUSIM BTOPOTO TIOPSIIKA Ji l
OTHOCSITCS AJIHIIC, OKPYKHOCTB, TUTIepOoIia u apabosa (pu- §|
CyHOK 1.1). X kaHOHUYECKHE YpAaBHEHUS UMEIOT BUJL; | \

1) x>+ y* =R’ — OKPY>XHOCTbH paanyca R, Hayajuo Ko- i }\\
OpIVHAT — IIEHTP CUMMETPHH; il ‘.‘| :%e.\\

2 2
2) X_2 + y—z =1 — ayurnc, oceBas CHMMETPUS; Ll "]:fl _ "H‘ﬁ;j
/ Onpymiocms M-

2 2
X
3a) LIS A runepOona, nepecekaer ocb Ox,
2 2
a b
0ceBasi CHMMETPHS;
2 2

X
30) —— + % =1 runepOouna, nepecekaet ocb Oy, oceBas CAMMETPUSI;
a

Pucynox 1.1

4a) y =2px’ (p>0) — napaboina, p — mapaMmeTp, BepIIUHA B Hadale KOOp-
JMHAT, BETBU HAIpPaBIIEHbI BBEPX, 0Cb (Jy — OCh CUMMETPUHU;

46) y =2px*(p <0) — mapabona, p — mapaMmeTp, BEpIIMHA B Hayalle KOOP-
JIMHAT, BETBU HAIIPaBJIEHbI BHU3, OCb Jy — OCb CUMMETPHUH;

4B) x=2py*(p >0) — mapaboma, p — mapaMeTp, BEPIIMHA B Ha4Yale KOOP-
JMHAT, BETBU HAIIPaBJIEHBI BIIPaBO, 0Cb OX — OCh CHMMETPHH,

4r) x =2py’ (p <0) — mapaboJa, p — mapaMeTp, BEpIIMHA B Ha4ajae KOOp-
JUHAT, BETBU HAIMPABIICHHI BJIEBO, 0Cb UJX — OCh CHMMETPHH.

1.2 OnpeaesieHus 3JIMIICA, THIEPOOJIbI, TAPa00JIbI

Onauncom HA3BIBAETCSI MHOKECTBO BCEX TOYEK INIOCKOCTH, JJIS KaXKIOW U3
KOTOPBIX CyMMa pacCTOSIHUM JI0 IBYX JAHHBIX TOUEK, HA3BIBAEMBIX (hOKycamu,
€CTh BETMYMHA TIOCTOSIHHAS, OOJIbIIIAsl YEM PACCTOSIHUE MEXTY (DOKYCaMH.

T'unep6onou Ha3pIBa€TCSI MHOKECTBO BCEX TOUYEK IJIOCKOCTH, JJIA KaxKgou
M3 KOTOPBIX MOAYJb Pa3HOCTU PACCTOSTHUN /10 JBYX JaHHBIX TOUYEK, Ha3bIBae-
MBIX @oKycamu, €CTh BeJIMUMHA TTOCTOSTHHASI, MEHbIIIAs, YeM PACCTOSHUE MEXK-

ny GpoKycamu.
Ilapab6onoti Ha3BIBa€TCI MHOXECTBO BCEX TOYEK IUIOCKOCTH, Ka)aas W3



KOTOPBIX HAXOJIUTCS HAa OJMHAKOBOM PACCTOSIHUM OT JAHHOW TOYKH, Ha3bIBae-
MOU hoxycom, M JaHHOU TIPSMOMU, HA3BIBAEMON Oupexmpucou U HE MPOXOJIs-
et uepes okyc.

1.3 BbIBOJ KAHOHUYECKHX YPABHEHUN JLJIUIICA,
runep0o0Jibl, NapadoJibl

1.3.1 BbIBOJl KAHOHUYECKOI'0 YPAaBHEHMS JIJIMIICA

[lycte Fi(—c, 0) u Fy(c, 0) — dokycsl. Torma
F\F, = 2¢ — ¢oxycnoe paccmosinue (pucyHok 1.2).
[locTossHHYIO BEIWYMHY, O KOTOpOM HIET peyb
B OIPEIEIICHUH JJUTHIICA, 0003HAYUM 24.

Ilycte M(x, y) — mpou3BOJIbHAsI TOYKA AJUIMIICA.
Torma no onpenenenunto FI\M + FoM = 2a > 2¢, oTky- # U F, X
aaa > c.

Tak xak FM = \/(x+c)2 +y', M =
=J(x—c)’ +y* , To NMeeM ypaBHEHHE

\/(x+c)2 +y? + \/(x—c)z +y? =2a.
[IpeoOpaszyeM 5TO ypaBHEHHE:

(Jx+e) +3 Y =Qa— J(x—c) +3* ),
(F +2ex + )+ )P =4a’ —day(x—c) + T + (= 2ex + ) +)7,

i

Pucynoxk 1.2

2
a\(x—c) +y’ =d* —cx.
Bo3Boas B kBajgpar mociennee ypaBHeHUE, UMEEeM
2, 2 2, 2 4 2, 22
a(x"—2cx+c +y)=a —2cxa +cx,
(@ — A+ ay =d(d” - ).
2 2 2 2 2
Tak kak a > ¢, To a” — ¢~ > 0 u MmoxxeM 00o3HauuTh b = a” — ¢". Torna
B + g2 = g2b?
X t+ay =ab,
x2 yZ
—+==1. (1.1)
2 2
a b
Taxum 06pa3zom, KOOPAWHATHI JTFOOOM TOYKH AIIUIICA yIOBIETBOPSIOT YpaBHE-
Huto (1.1).
[TokaxkeM oOpaTHOE: €ciau KOOpAuMHATBl TOYKU M (x,)) YIOBIECTBOPSIOT
ypaBHenuto (1.1), To Touka M JIeKUT HA IIUTUIICE.

U3 (1.1) maitném v y*=b*(1 - x—z).
a



b*x?
Torma FM = \/(x+c)2+y2 = \/x2+2cx+c2+b2— . =
a
2
(a’ —b*)x’ ., ., X , cx cx
=, t2cx+a —c +c = —+2cx+a” = || —+a| =|—+a|.
a a a a
xZ
Tak xak ¢ <a mwwus (1.1) — <1, 70 ecTp <a, |x| <a, TO
a
cx cx cx
— < a. CnemoBarenbHO, |—+a|= a+—. AHaJIOTUYHO MOXXHO BBIYUCIHUTH
a a a
c
FM=a——x.
a
cx cx
Tenepp FIM+ FoM=a+—+a——=2a.
a a
U3 ypasuenns (1.1): b*>0 = a’ —¢*> 0, T0 ecTb
a>c, oTKkyJa 2a > 2c¢. 3Ha4uT, Touka M JIeKUT HaA 3JI- )

AMTICE. 8b |
VpaBuenue (1.1) Ha3bIBa€TCA KAHOHUYECKUM A _h\“\.rﬂ
ypasHeHuem daunca (pucyHok 1.3). -a!‘:x}_fﬁ L J:f_”_ﬂj“ %

Touku mepeceyeHus LTUTICA C OCIMHA KOOPIWHAT B|-&

HA3bIBAIOTCS gepuunamu aaunca. OCu CUMMETPUU
amwmnca (ocu Ox u Oy) HaA3BIBAIOT OCAMU IIIUNCA.
Touka mepecedyenus: ocerl — yenmp annunca. Ocamu
Ha3bIBAIOT Takxke oTpe3ku 414, B1B. Otpe3kn OA, OB 1 uxX JJIMHBI HA3bIBAIOT
nonyocamu. B Hamewm ciaydae a > b, IOATOMY a Ha3bIBAIOT OO0IbULOU NOTYOCHIO,
b — manou nonyocwro.

VYpaBnaenue (1.1) MoxkHO paccmaTpuBath U B ciiydae, koraa b > a, OHO o1-
peaensieT umIc ¢ 0obiiol noiyockto OB = b, PoKyChl TaKOro 3JUIHIICA Jie-
’kaT Ha ocu Oy, npuuéM a’ =b’ —¢’.

Pucynok 1.3

OKpY:KHOCTH

B vactHocTH, KorAa a = b, ypaBHeHue (1.1) npuHUMaeT BUI
2 2

X y 2 2
—2+—2— NN X +y =da
a a

y
U OMNpEENsieT OKPYKHOCTh pajuyca a C IEHTPOM B /

2

Havayie koopAuHat (pucyHok 1.4). Takoe ypaBHEHHE Ha3bI-
BaIOT KAHOHUYECKUM YPABHEHUEM OKPYHCHOCTIU.

N3 mxoIpbHOTO Kypca U3BECTHO YpaBHEHUE OKPYKHO-
CTH paguyca R ¢ IeHTpoM B Touke A(xo, Vo):
(x—x,)’+t(—y,)'=R". Pucynoxk 1.4

- a x

B
L




1.3.2 BbIBOJ KAHOHMY€CKOI0 YPABHEHUS TMNIEPOOJIbI

ITycts F(—c,0) u F,(c,0) — dokychl. Torna FF, =2c — ¢gokycnoe pac-
cmosinue (pucyHok 1.2). IlocTossHHYIO BETUYMHY, O KOTOpOH HAET pedb
B olpejienieHnu, 00o3Haunm 2a. Toraa no onpeneneHuro 2a < 2¢, To ecTb a < c.

ITycte M(x; y) — npou3BoIbHAS TOYKA THIEPOOJIBI.

Tak kak Fy\M = \/(x+c¢)’ +y*, M= \[(x—c)* + ", To uMeeM ypaBHeHHe

\/(x+c)2 +y* + \/(x—c)z +y® =2a.
[IpeoOpaszyem 5TO ypaBHEHHE:

Wo+or +y7 ) = Ra-Ja-or+57).

(x* +2cx+¢?)+ y* =4a’ —da\|(x—c)* + +(x* + 2ex + ¢2)+ y7,

aJ(x—c) +y' =a’ —cx .
Bo3Boas B kBajgpar mocienHee ypaBHEHHE, UMEEM
(= 2ex+ +y)=da" - 2exa’ + X7,
(@ — A+ ay =d(d” - ).

2 2
Tak kak a < ¢, T0 @~ — ¢~ < 0 1 MoxkeM 0003HaunTh b’ =c¢’ —a’. Torna

e b’ =c¢’—a’. (1.2)
VYpaBuenue (1.2) Ha3bIBAIOT KAHOHUYECKUM VPABHEHUEM 2UNEPOOIIbL.
['unepbona ¢ ypaBHennem (1.2) u3zoOpakeHa Ha

E i ?/‘
pucynke 1.5. Ilpssmoyronbauk MNKL, CTOpOHBI KOTOPOTO ™ + J
N ,V
MN = LK = 2a, ML = NK = 2b, Ha3bIBa€TCsI OCHOBHbIM NM_ By N7
NPAMOY20TIbHUKOM. ﬁ}.!;_ f?',a' :.,f:ﬁlz
! Y Al
IIpsamble MK w NL Ha3bIBalOT acumnmomamu 2u- RO o | B X
- -|I.
: = —— = — - ".l B _I{‘: 'I‘.'?'-.
nepbobl, UX ypaBHEHUSA: Y ¥ ax Uy ax, COOT / i

BCTCTBCHHO. FI/IHep6OJ'Ia HMCCT JIBC eemeu. JICBYIO U

npaByto. lleHTp cummerpuu runepOObl Ha3bIBACTCS Pucynok 1.5

e€ yeumpom. OCu CUMMETPHUU TUIIEPOOIIbI HA3BIBAIOTCS

e€ ocsamu. OHA OCh TIEpeceKaeT runepOoTy B JABYX TOUKax (Ha pucyHke 1.5 3To
TOYKU A; U A;), 3Ta OCh Ha3bIBACTCS OeUCmMBUMENbHOL OCbI0 2unepoobl, Npy-
ras oCb — MHUMOU OCbi0, OHa HE UMEET OOIIMUX TOYEK ¢ Tumnep0osoit. JJIUHBI
oTpe3KkoB 414, u BB, Takke Ha3bIBAIOT ocamu. BenuuuHsl a u b Ha3bIBAIOTCS
noayocamu 2unepoonvl. Eciu a = b, To runep0oiia Ha3bIBACTCS PAGHOCMOPOH-

Heil, €€ ypaBHeHue x° —y’ =a’.



YpaBHeHNE

2 2 = 14 :
X '.*-.a;\\ ].-T'2 ..-,’&
S (1.3) N Ay
a b A
T )
onpezenser TUNepooay ¢ AEUCTBUTENbHOM ochio Oy B ol iBz >
1. !
(pucyHok 1.6). g
- -\x"__
FI/InepGOJIVLI, ONpEJIeNAEMbIE  YPABHEHUAMH (1.2 w . § %
(1.3) B ogHOM M TOH € cucTeMe KOOpAWHAT, Ha3bIBa-
FOTCSL CONPAHCEHHBIMU. Pucynoxk 1.6

1.3.3 BbIBOJI KAHOHUYECKOT0 YPaBHEHH S NapPa00.Ibl

[lycte M(x, y) — npou3BOJbHAST TOYKA MapadoIIbl
(pucynok 1.7). Eciu K — ocHOBaHUe MEPICHIUKYIIIpa A

u3 TOUKM M K TUPEKTPHCE, TO OHA NMEET KOOPAMHATB Mix.v)
1]
(— g, y). ITo onpenenenuro napadoast MK = MF. /
2 2 2 2 i P % };
Torza \/(X+£) +(y-y) = \/(X—B) +y ., 7% FE-”]
2 2
\/(x—§)2+y2=x+§,TaKKaK x> 0. Pucynok 1.7
Bo3BoauM ypaBHEHUE B KBaAPAT U MIPUBOIMM I1OJOOHBIE YICHBL:
2 2
X -px+ vy =xt e pr+ B
P 4 Y p 4
Y =2px. (1.4)

VYpaBuenue (1.4) Ha3bIBACTCS KAHOHUYECKUM YpagHeHuem napabdonsl. Benu-
YUHY p HA3bIBAIOT napamempom napadonst. [lapadbona ¢ ypaBHenuem (1.4) uzo-
OpaxeHa Ha pucyHOK 1.8 a). Touka O Ha3bIBaeTCs 6epuiUHOU Napabosvl, OCh

CHMMETPHH — 0Cblo napabonwl. Eciu mapaboiia uMeer ypaBHeHne y° = —2 px, TO
eé rpaduk pacnosoxen ciaeba ot ocu Oy (pucynok 1.8 6). Ypasuenus x° =2py

u x’ =-2py , p>0 onpenensror mapaboisl, n300pakEHHbIE Ha PUCYHKAX 1.8 B)
1 1.8 ), COOTBETCTBEHHO.

a) £ &) il E) 4 r) ny

P |

H
-H""—u_.._

i T >
Oh_ F 3 > 2 E
__';?_ x F F kY e
5 \"\-\-..._\__\_H_ _'__'__,/ E 0 ,-*I
iy J
2
Pucynoxk 1.8

9



1.4 ®oxkanbHbIC PAAUNYCHI JJIMIICA, THNEP00JIbI, TAPa00JIbI

DokanvHbiMu paduycamu Ha3bIBAIOT OTpe3ku M u F,M ¥ UX NIUHBI A5
AIUIMIICA U TUNIEPOOJIBI, a TAKXKE OTpe30K F'M niist mapaboJibl ¥ €ro JJIMHY.

1.4.1 ®okanabHbIE pagnyChl JJINICA

Pacctostnus ot Touku M (x,y) snnunca 10 GOKYCOB Ha3bIBAOTCS (hoKalb-
HbIMU paduycamyu W ONpeNeNsioTes popMylamMu: 7, =a+ex, 1, =a—&x, Tle
€ — DKCIIEHTPUCHUTET.

1.4.2 ®oxkajbHbIEC paanychbl TUIIEPO0JIbI

Paccrosinust Touku ot M (x,y) rumepOosbl 10 GOKYCOB, Ha3bIBAIOTCS o-
KATbHLIMU paduycamu 1 onpeaenstorcs popmynamu: v =|ex+al, r, =|ex—a|,
r7ie € — OKCIICHTPUCHUTET.

1.4.3 ®okaabHbIe paANYCHI MAPA00JIbI

ITycts ypaBHEHME TTapaboJIbl HMEET BHI: y° =2 px.
Pacctostnus ot Touku M (x,y) mapabonsl 10 dokyca (ghokanvuwiii paouyc)

onpenenstoTcs GopMyaaMu: » = x + g

[Tyctb ypaBHEHHE TapaboJIbl UMEET BHI: X° =2py .
Pacctostnus ot touku M (x,y) mapadosnsl 10 GokycoB (goxanbrbiii paou-

yc) onpenenstores popMmynaamMu: » =y + g

1.5 UccaenoBanue popmMbl KPUBBIX BTOPOr0 MOPSAAKA

1.5.1 UccnenoBanue GpopMbl JJLJIUIICA

CroiicTBo 1.1. KoopauHaTHBIE OCH SIBJISIFOTCSI OCSIMH CUMMETPHUHU JUIUTICA.
Hauano kxoopauHaT sSBISIETCS IEHTPOM CUMMETPHUHU DJUIUTICA.
CBoiicTBo 1.2. Dmunc nepecekaeT KOOPAMHATHBIE OcU B Toukax 4 (—a,0),

A,(a,0), B, (0,-b), B,(0,b).
Touknu 4 (-a,0), 4,(a,0), B,(0,~-b), B,(0,b) Ha3bIBatOTCA 6epuiunamu 3.1-

Junca.
CroiictBo 1.3. [y 1r000# Touku 3munca M (x,y) BBIIOJHSIIOTCS COOT-

HomeHus: —a<x<a, -b<y<b.

10



CBoiictBo 1.4. J114 1100BIX TOYEK IUTUIICA, PACIIOIOKEHHBIX B MEPBOM KO-
OpJIMHATHOM YETBEPTH, C BO3PACTAHUEM MX a0CIUCCHI, UX OpJINHATA YOBIBAET.

1.5.2 HUccaenoBanue ¢popmbl runep00.ibl

CBoiictBo 1.5. KoopvHaTHbBIE OCH SIBIISIIOTCS OCSIMU CUMMETPUU TUIIEpOO-
nb1l. Hauano koopauHaT sSBIsSETCA LIGHTPOM CUMMETPUU TUIIEPOOIIBI.

CaoiicTBo 1.6. ['unepOosia mepecekaeT KOOPAUHATHYHO OChb OXx B TOYKax
A4,(=a,0), A,(a,0) u ve nepecekaer och Oy.

Touku A4 (-a,0), A4,(a,0) Ha3bIBAIOTCA 6epuiuHamu 2unepoobi.

CaoiicTBo 1.7. /{51 mo60i Touky runep0osasl M (x, V) BBIIOJHIETCS YCIIO-
BHE: | X [>a.

CoiictBo 1.8. J[1151 1100bIX TOUEK TUIIEPOOITBI, PACTIONIOKEHHBIX B MEPBOU KO-
OpAMHATHOM YETBEPTH, C BO3PACTAHUEM UX a0CIUCCHI, X OPJAMHATA BO3PACTAET.

1.5.3 HccaenoBanne popMbl MapadoJibl

CroiicTBo 1.9. AGcuucca m000# TOUkH apadosIbl HEeOTpHUIIaTeIbHA.

CaoiicTBo 1.10. I[Tapabosa mpoxoauT yepe3 HadaJlo KOOPUHAT.

CaoiicTBo 1.11. [Tapabona cuMMeTpruyHa OTHOCUTEILHO OCH aOCITHCC.

CaoiicTBo 1.12. [Ipu HeorpaHMUYEHHOM BO3pacTaHWU AOCITMCCHI, OpAMHA-
Ta — BO3pacTaeT Mo adCOIIOTHOMN BEIUYHHE.

Bonpocsl 11 CaMOKOHTPOJISA

| Hanuivre KaHOHUYECKUE YPaBHEHUS AJUIUIICA, TUIIEPOOJIBI U 1apaloibl.

2 JlaiiTe onpeaeneHue dIIUIca, TurnepooJibl, mapadoJibl.

3 TIpoBeauTe BHIBOJI KAHOHUYECKUX YPAaBHEHUMN 3JUTHIICA, TUTIEPOOIIHI U Ta-
paboJIbl.

4 Kak HaxoasTcst GoKaabHbIC PaIUyChl KPUBBIX BTOPOTO MOPSAKA?

5 Kak mpoBoaHTCSI HiCCIIeIOBAHUE KPUBBIX BTOPOTO TOpsIIKa?

2 OO0mme cBOMCTBA aAJIred0pandecKux JUHUN
BTOPOI0 MOPSIAKA

2.1 JlupeKkTpuUCHI 4 IKCHEHTPUCHUTET IJLIMIICA, THIEPOOJIbI,
nmapaooJibl

IKcyenmpucumemom 311UNCA HA3BIBAETCS OTHOIIEHHE (POKYCHOro pac-

. c
CTOSTHMSA K JimHe Oonbpmoil ocu, To ecTb €¢=—. Tak kak 0<c<a, TO
a

11



0<ex<l.
Hupexmpucamvu (D, n D,) >naunca Ha3pIBalOTCs MpsIMbIE, YPABHEHUS KO-

a
TOPBIX X = T— , A€ & — OKCHCHTPHUCHUTCT.
€

Teopema 2.1. ({upekmopuanvroe ceoiicmeo 311unca).
DNINNC SBISETCS MHOXECTBOM TOYEK,
OTHOIIIEHNE PACCTOSHUM OT KOTOPBIX 10 ¢o- :
Kyca M J0 COOTBETCTBYIOIIEH JTHUPEKTPUCHI
MOCTOSIHHO Y PaBHO € (pUCYHOK 2.1).

rl rz F & y x
— =& U —=E.

) N S iy
dl d2
B stoMm ciyudae ¢ = 0 (ypaBHEHUE OKPYX-
HOCTH), MoJiyyaem, 4to € =0. Pucynok 2.1

Ixcyenmpucumemom 2unep6bo.ivl Ha3bIBACTCSl OTHOLIEHUE (DOKYCHOIO pac-
CTOSIHUSI K PACCTOSIHUIO MEX/1y BEPIIMHAMU TUNEPOO0IIbI (TOUKAMU MEPECEUCHUS

c
rUnepOooJIbl C OCSIMH), TO €CTh € =—. Tak Kak ¢ >a, To € > 1.
a

Hupektpucamu (D, u D,) runep0O0isl Ha3bIBAIOTCS NPSAMbIE, YPABHEHUS

a
KOTOPBIX X = t—,rae € — OKCOCHTPUCHUTCT.
e

Teopema 2.2. (/[upexmopuanvroe ceoticmeo cunepoo.ivl)
['unepOona ABISIETCS T€OMETPUUYECKUM

MECTOM TOYEK, OTHOIIEHHUE PACCTOSHUN OT Ay /
KOTf)pBIX 10 (GoKyca U 0 COOTBETCTBYIO- 3 7 §
el JIMPEKTPHUCH ITOCTOSHHO U PaBHO & 5 *7\‘1.
¥
(pucyHok 2.2). 1 ol ‘1} v
r r 1 P o z 2
L =g nu +=¢.
dl d2
Oxcyenmpucumem TapadOIbl  IPUHH-

MaroT paBHbBIM CIUHUIIC.

Pucynox 2.2
Ecomu ypaBHeHue mapaboibl 3aJ1aHO

y* =2px, TO ypaBHEHHE AUPEKTPHUCH X = —g.
Eciu ypaBHeHHe mapaboiibl 3aaHo x° =2 py, TO YpaBHEHHE JTUPEKTPUCHI
__P
y 5

N3 onpenenenus napaboiibl CIEYET, UTO ¥ = d U OUPeKmopuaibHoe C8ou-

12



r
cmeo aunca € =—=1.

2.2 O01mue CBOMCTBA AJIreOpanyecKuX KPpUBbIX
BTOPOI0 NMOPSAKA

Bce kpuBble BTOPOro MOpsiKa UMEIOT JUPEKTPUCY: MPSAMYIO, IO OTHOIIE-
HUIO K KOTOPOM 3JUIUIIC, THUIIepOoJa 1 mapaboia UMET ocoOble cBoicTBa. Mc-
MOJIb30BaHUE JUPEKTPHUCHI B cllydae mapadoJibl Mbl BUJIENIM B CAMOM OMpeielie-
HUU 1apa0doJIbI.

[Ipu nosiyyeHMH KAaHOHUYECKUX YPAaBHEHHU 3JUIMIICA, TUNEpOObl U mapa-
00JIbI OBLIO YCTAHOBJICHO MOHSITHUE IKCIIEHTPUCUTETA — €, puueM: a) 0<e<1 —
U1t unica; 0) € =1 — s mapabodibl; B) € >1 — Ay TunepOoJIbl.

Oo01ee onpenenenue. Kpusoti 6mopoco nopsoka Ha3bIBAIOT Te€OMETpUYE-
CKO€ MecTO ToueK M (x,)) TIIOCKOCTH, 00JIaatONIMX CBOMCTBOM: PAacCTOSTHUE
OT TOYKU M 110 TOUKHU F, Ha3pIBaeMOU hoKycom, paBHO PACCTOSIHUIO TOUKU M
70 OpsIMOM, HA3bIBAEMOW OUpeKmpucol, yMHOKEHHOMY Ha HEKOTOPOE YHUCIIO
€ — IKCYeHmpucumenmn.

3ameuanue 2.1. Onpenenenrne KpUBBIX BTOPOTO MOPSAJIKA C UCHOJIb30BAHU-
€M JUPEKTPUCHI HE MO3BOISET MPUHATH € =0, XOTS paHbIIE TaKOe 3HAYECHUE
AKCIIEHTPUCUTETA BBIICISUIO YACTHBIN CITydail 3JUIAICA — OKPY>KHOCTD.

CaencrBue. 13 o0uiero onpenesieHus: KPUBBIX BTOPOTO MOPsJIKA C UCTIOJIb-
30BaHUEM JIUPEKTPUCHI U SKCIEHTPUCHUTETA CIEAYET: JUPEKTpHUca U KpuUBas
BTOPOTO MOPsJIKA HE MOTYT MEPECEKATHCH.

2.3 ITlapamerpuyeckue U MOJSIPHbIC YPABHEHUS JJIJIMIICA,
runep00.Jibl, NapadoJibl

2.3.1 [TapameTpuyecKkue ypaBHEHUA IJLIUICA, THIIEPOOJIbI,
mapadoJibl

llapamempuueckoeo npedcmasnenus d11unca ¢ UEHTPOM B Haudalie KOOp-
JIMHAT, OOJIBIIION MOJYOChI0 @ ¥ Majoil MOJIYOChIO b :

X =acosq,
y=bsing,

rae napamerp 0 < ¢ <27, 3amaeT MoaHbIN 3uIc. Tpedyemoe pacrpese-
JIEHWE TOYEK MOPOKIAAETCA PABHOMEPHBIMU MPUPAIIEHUSIMH TTapaMeTpa .

llapamempuueckoco npedcmasienus eunep6oivl ¢ NIEHTPOM B Hadaje Ko-
OpJIMHAT, IEUCTBUTEIIBHOM MOJIyOChIO @ U MHUMOM MOJIYOChIO b :

13



| ( lj
xX=a|t+—t|,
4
< 1
=blt——t|
g ( 4)

Taxxe MapaMCTPHUICCKOC MPECACTABIICHUC UMCCT BU:

x = achqo,
y = bshq.

PaccmoTpuMm mapaboiy ¢ BEpIIMHON B IIEHTPE KOOPAWHAT U C OCHIO CHM-
METPUU — MOJIOKUTEIBHONW MOIYyOChl0 Xx. IlyCcTh KAaHOHMUYECKOE ypaBHEHHE I1a-
pabousl: y* =2px. [lapamempuueckoe npedcmasnenue napaboibl AMEET BUL;

x=t,

y=t 2p,.

2.3.2 IoasipHble YypaAaBHEHHUS IJJIUIICA, THIIEPOOJIbI, TAPA00JIbI

Ecnu B3sTh B KauecTBE MOJIOCA MOJSIPHOU CUCTEMBI KOOpaUHAT (P, ) (o-

KYC HEBBIPOXKJICHHON KPUBOM BTOPOTrO MOPSAKA, 4 B KAUECTBE MOJSPHOU OCH —
e€ OCb CUMMETPHH, TO B MOJSIPHBIX KOOPJIMHATAX P, (0 YPABHEHUE KPUBOHU OY-

IeT UMETh BUJL:

___pr
- )
l-€ecoso
bz
rjae p =— JUIs DJUIMIca U TUNepOosbl, a 1 mapadoiasl Oepercs: Hemo-
a

CPCACTBCHHO M3 KAHOHHUYCCKOI'O YPAaBHCHUA.

Ipumep 2.1. YcTaHoBUTH, Kakue (PUTYpHI 33J]aHbl YPABHEHUSIMU B HOJISIP-

10 12 14
)= WP
S5—2coso 3—4coso 7—"Tcos@

< IlpuBeneM HailyM ypaBHEHHs K TMOJISIPHOMY YPaBHEHUIO JIMHUM BTOPOTO
nopsiIKa.

HBIX KOOpJAMHATAX: &) P =

10 B 2
S—2coso 1

a) p= . OTKyna € =§ n 0 <e¢ <1. CnenoBarensHo,

2
——CoSQ

5
KpHUBasi B TOJIIPHBIX KOOPJUHATAX 3aaET DILIUIIC.

12 4
3—4coso 1

4
Otkyna €= 3 n ¢>1. CienoBarenbHo,
——CoSQ
3

KpHBas B HOJIIPHBIX KOOPJMHATAX 3aJa€T TUNEPOOITY.
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14 2
7—Tcose l—coso
JSIPHBIX KOOPJAMHATAX 33J1a€T MMapadoily ¢ mapameTpoMm p =2. >

B) p= . Otkyna ¢ =1. CnegoBarenbHO, KpUBasi B MO-

2.4 IlpeoOpa3oBaHue ypaBHEHHS] KPUBOH
BTOPOI0 NMOPSAKA K KAHOHMYECKOMY BHY

2.4.1 KnaccupukanuoHHas TeopeMa JMHUN BTOPOT0 MOPSIAKA

Kpusasa emopozo nopsoka — T€OMETPUYECKOE MECTO TOYEK IUIOCKOCTH,
IPSAMOYTOJIbHBIE KOOPAUHATBI KOTOPBIX yIOBJIETBOPSIIOT YPaBHEHUIO BUJA

a,x’ +2a,xy+a,y’ +2a.,x+2a,y+a, =0, (2.1)

B KOTOPOM XOTs ObI OJIMH U3 KOA((PULIIUEHTOB a, , d,,, a,, OTIINYEH OT HYJIS.

Teopema 2.3. (Kraccugpurayuonnas meopema tuHuti 8mopo2o nopsoka)

Obmiee ypaBHeHHe BToporo mnopsiaka (2.1), 3agaHHOE OTHOCHUTEIBHO
ITJICK, onpenensier 0aHYy W3 CIEAYIOIIUX AEBATH JMHUM, 3aJaHHBIX CIIEIYIO-
IUMHA KAHOHUYECKUMU YPaBHEHUSIMU:

['pynmna [ (MMer0T €IMHCTBEHHBIN LIEHTP):
2 2

1) x—2+;;—2 =1 — snnurc;

a
x2 y2

2) —+ s = —1 — MHUMBIN SJUTUTIC (IEHCTBUTEIBHBIX PEIICHUN HET);
a

2 2

X o
3) — + y— =0 — BBIPOKACHHBIN 3JIJIMIIC, IBC MHHUMBIC IICPCCCKAOIIUCCS
2 bz 2

a
npsiMble (IEHCTBUTENIbHBIC PEIICHUS] — TOYKA — HA4aJI0 KOOPJIMHAT);
2 2
X
4) — - ;;—2 = +1 — runepbona («+» oOblyHas runepOoa, «—» CONpsKEHHAS
a
K JJaHHOU runepoosie runepooa);
x2 yz
5) — - o = 0 — BBIpOXKJICHHAs TUIIepOoIIa, JIBE MEPECEKAIOIIUECS TTPSMBIE.
a

['pynmna II (He UMEIOT LIEHTpA):

6) x* =2py, p >0 — mapabosa (CyLECTBYET €l TP KAHOHUYECKUX YPaB-
HeHus mapabonsl x° =—2py, y> =42px ).

['pynma I (uMeroT npsiMmyto 1IeHTPOB och OY):

7) x> =a’,a # 0— 1Be mapajuIelIbHBIE IPSIMBIE, BEIPOXKICHHAs Mapaboia;

8) x* =—a’,a #0 — 1Be MHAMBIE TApaAIIEILHEIE IPIMEIE;

9) x* =0 — nBe coBmanaronye (CIUBIIAECS) IPSIMEIE.
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Cucrema A HaXOXIACHHA LCHTPaA KaHOHMYECKON CHCTEMBI KOOpAuHAaT
B ClIydac, Korjga JIMHHA LCHTpaJlbHasA (I/IMGCT €IMHCTBECHHBIN LHCHTP, OH XKC
OCHTP CUMMCTPHUHU J'II/IHI/II/I)I
a,X, + a,y, + a; = 09 (22)
a,X, +a,y, +a, = 0.
CI/ICTeMa, Aaromas BhIPaXKCHHUC CTAPbIX KOOPAMWHAT YCPC3 HOBLIC IIPHU 1II0OBO-
POTC Ha yroia @:

X=XCcosp—ysinqQ,
{ e (2.3)
y=XxXsme+ycosq.
dopmyiia 1y HAXO0XKIACHUS yIria @
ctg2p = Ve (2.4)
2a,,

BBIpa)KCHI/IC HJIsL KOoOpaAuHaT 0a3MCHBIX BCKTOPOB KaHOHUYECKOM CHUCTEMBI
KOOpOWHAT:

é, (cos @,sin @), €, (—sin @, cos P). (2.5)

2.4.2 IlpuBenenne ypaBHeHHsI KPMBOM BTOPOI0 MOPSIAKA
K KAHOHMY€eCKOMY BHJY, C IOMOIIbIO NPe00OpPa3oBaHus
KOOPAMHAT

[Tycte mano ypaBHeHue (2.1) TUHUM BTOpOTrO TOpsiaka. BeimuckiBaeM Ko-
sounuentsl a,,i=13,j=13, yunuTsiBasg, 4T0 B ypaBHeHuu (2.1) HEKOTOpHIE

a
U3 HUX CTOAT C MHOXHUTelleM 2. Brrumciasem OIIPCACIINTCIIb D=

a

11 12

a]Z a22

U ompeJiensieM, Kakou cirydail HaMm BbIOpatTh. Eciiu D # 0, TO TUHUS yermpaib-
Has (UMEET €IUHCTBEHHBIA LIEHTP, LIEHTP CUMMETPHUH, LEHTP KaHOHUYECKOU
CUCTEMBI KOOpJIMHAT), eciii D = 0, To IMHUS HE 00J1a/laeT €IMHCTBEHHBIM IIEH-
TpoM (JinOO HET IeHTpa BOOOIIE, TUOO0 MpsMas JIMHUS IIEHTPOB), TaK Ha3bIBae-
Masi JTUHUS napaboiuiecko2o mund.

1-i1 ciiyyait (I'pynma I) D # 0.

Haxomum nieatp O'(x,,y,) U3 cucTeMsbl (2.2) U NepexoIuM K YpaBHEHUIO

B cucteMe koopaunat O'x'y’
12 (AN 12 r_
a,x" +2a,xy' +a,,y  +a; =0 (2.6)
’ —
PAC a;, = a;X, + ayy, + ds;.
B ypaBaenuu (2.6) xo3ppunrieHTs npu KBajJipaTax NEPEMEHHBIX OCTAIUChH
MPEKHKUE, TOMEHSUICS TOJIBKO KO3Q UIMEHT a., .
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Ecmu B (2.6) a,, =0, T0 B cucreme koopauHat O'x"y’ yxe nMeeM KaHOHH-
YECKUIl BHUJI YPAaBHEHUS, KOTOPBIA HAJIO CIErka mpeoOpa3oBaTh /10 y3HABAEMO-
ro. Kanonuyeckasi cucrteMa KOOpAuHAT OYyJIET COCTOSITh U3 HAWJEHHOW TOYKH
O'(x,,y,) u IpexHUX 0a3uCHBIX BeKTOpoB €, (1, 0), €,(0, 1).

Ecmu B (2.6) a, # 0, TOo nenaemM nmoBOPOT HAa Yrol () CUCTEMBI KOOpAMHAT
O'x'y', nonyyas cuctemy xkoopaunat O'Xy . JIjig 5TOro HaXOAUM COS @, Sin @
u3 (2.4), ucnonb3yst PopMyIb:

cos2¢p A cos’2 1 A’
ctg2¢=—¢—— ®_ 1=

sin2¢p B sin’2¢ sin’2¢ B
OTcro/1a BeIpakaem

: B’ B’ A’
sin” 2¢ =———, cos’ 2¢=1-——=——
A" +B A" +B° A +B
V3Bjiekas KOpeHb KBaJApATHBIN, MOJTydaeM J(Ba 3HAUECHHsS Ui Sin 2¢ ¥ JBa

3HA4YCHUS I c0s 2¢ . [IprHATO BhIpaXKeHHE IS cOS 2(p0 OpaTh CO 3HAKOM «»,
BBIPAXXEHHUE JIJIS SIn 2¢0 C TEM K€ 3HAKOM, UTO Uy Ctg2¢.
Hanee u3 popmyn
cos2p=2cos’ @—1, sin2¢p=2sin@cos@,sin’ ¢ =1-cos’ ¢
HaXoJUM cosS @, sin . BBemem cornamenue — OpaTh cos@ U3 GOPMYIIBI JIIs
C0S 2(p CO 3HAKOM «+» (OCTPBIH yTo ).

3ameuanmue 2.1. /laHHOE cornamienne o 3HAKaX SBJISIETCS YHCTO YCIOBHBIM,
TaK KaK BO3MOJXKHBI YETHIPE PACIOJIOKECHHUsI 0a3MCHBIX BEKTOPOB € U €, KaHO-
HUYECKOH CHCTEMbI KOOPJIMHAT: KOT/A MOJOKHUTEIFHBIMA OYyT KOOPJMHATHI Y
TOYEK MEPBOTO, BTOPOTO, TPETHETO U YETBEPTOTO KBAIPAHTOB COOTBETCTBEHHO.

Jlanee 3amuceiBaeM mpeoOpa3oBaHHOE ypaBHEHHUE HAIllCH JTUHUHA B CUCTEME
koopauHat O'Xy, KoTOpas Moyd4aeTcsl u3 cucteMbl koopauHat O'x'y’ moBo-
POTOM Ha BBIYUCIICHHBIN YTOJ (@, B CIICIYIOIIEM BUJIC

ax’+a,y +a, =0, (2.7)

e d,, = a,, cos’ @+ 2a,, cos Psin @+ a,, sin’ @;

a, =a,sin’ ¢—2a,sin@cos®+a,, cos’ Q.

VYpaBaenue (2.7) apudmernueckuMu mpeoOpa3OBaHUSIMU MTPUBOJUM K OJ-
HOMY U3 TISITH KAaHOHWYECKUX BHUIIOB [ pynnsi I, yKkazaHHBIX B KIacCU(DUKAINOH-
HOW TeopeMe. BhImuchiBaeM KaHOHHUYECKYIO CUCTEMY KOOPIMHAT, COCTOSIIYIO
u3 HaiinenHoi Touku O'(x,,y,) ¥ Oa3UCHBIX BEKTOPOB €M €,, KOOPIUHATHI

KOTOPBIX BBIMUCKHIBAEM 110 popmymnam (2.5).
2-i1 cayvaid (I pynnet 11, 111) D = 0.
Ecnu B ypaBaenuu (2.1) a, =0, To 1u6o a, =0, mubo a, =0, Tak Kak

D=a,a,—a. =0, u Mbl MOKEM apupMETHICCKUMH TPEOOPA30OBAHUSIMH,
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BBIJICJISAS TIOJIHBIM KBaJpaT, IPUBECTH ypaBHEHHUE (2.1) K KAHOHUYECKOMY BULY,
U3 KOTOPOTO Y3HATh LIEHTP CMEIEHHO! MpH MapauieIbHOM MEPEHOCE CUCTEMbI
KOOpAMHAT, a KOOPJIAWHATHl 0Aa3UCHBIX BEKTOPOB € U €, OCTaHyTCS NPEKHUMH,
To ecTh €,(1,0), €,(0, ).

Hanuune HenyneBoro xo3gduuuenta a,, # 0 B ypaBHeHuu (2.1) roBopur
HaM O TOM, YTO HaJIO CHIeNIaTh MOBOPOT, a 3aTEM MapauIeNIbHBIA TIEpeHOC (eciu
KO3 (ULUEHTHI a,, U a,, TAKXKE HEHYJIEBbIE).

Urak, ecnu B (2.1) a, # 0, TO MBI IEPEXOANM K CIEIYIOIIEMY YPAaBHEHUIO
Halei JIMHUK B cucteMe koopauHat O' Xy :

~ ~2

ax’+a,y' +2a,x+2a,y+a, =0, (2.8)

e d,, = a,, cos’ @+ 2a,, cos Psin @+ a,, sin’ @;

d,, = a, sin’ ¢—2a,, sin cosQ + a,, cos’ @;
d,; = a3 COS P+ a,, SIn ¢;
a,, =—a,sinQ+a, cosoQ,

r7Ie COS (@ | Sin (p HaiaeHsl u3 hopmyn (2.4).

B ypaBuenuu (2.8) nonyuurcs nmmbo 4, =0, 1mbo a,, =0.

Hanee apudmerndyeckumMu npeoOpa3oBaHUsIMMU, BbIIENSS HOJIHBIM KBaapat
IepEMEHHBIX, T€ 3TO TpedyeTcs, NPUBOAUM ypaBHEeHHE (2.8) K BUIY, U3 KOTO-
pOro HaxoJuM KOOpJAMHATHI IIEHTpa KAHOHMYECKOM CHUCTEMbI KOOpIUHAT
B OXy . [Ins Toro yToObl HAWTU KOOPJAMHATHI TOTO K€ CAMOTO IIEHTPA B CUCTEME

O xy , ucnosib3yeM (popmyJibl mpeoOpa3oBaHUsi KOOPIMHAT U MOBOpoTE (2.3).
Ipumep 2.2. Onpenenuts THIl THHAA x° —2xy + y* —10x -6y +25=0,
HaIMucaTh €€ KAHOHUYECKOE YPAaBHEHUE U HAUTH KAHOHUYECKYIO CUCTEMY KOOP-

JUHAT.
< BeinuceiBaeM K03(QUIMEHTHI a , JAHHOTO ypaBHEHWs, HE 3a0bIBas I10-

JIEUTh Ha IBOUKY T€ KOA(DPUIUEHTHI, KOTOPHIE B (2.1) CTOST C MHOXKUTEEM 2.
a,=l,a,=-1,a,=1,a,=-5,a,,=-3, a,=25.
1 -1
Brmuncngem A = { =1-1=0. CnenoBareiabHO, JMHHUS HELEHTPAIb-

Has, U MbI IICPCXOAUM KO BTOPOMY CJIy4dalro.

3neck a, =—1#0, caenoBarenbHO, HEOOXOAUMO CHENATH MOBOPOT, U MBI
1-1
BbIYHUCIsIeM 1o popmyrie (2.4) ctg2dp = ﬂ =0

B nanHOM cityuae MOXKHO B3sTh cos2¢p =0, sin2¢p=1.
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1 2 1
[TockosbKy cos® = J_r\/ LrCosIe LO \/_ (6epem co 3HAKOM «+»),

2 2

1
TaKUM 00pa3oOM COS(p = —.
J2
N3 dhopmynbisin @ = £4/1— cos’ @, TIOJTy4aeM Sin @ = \/_ (6epem co 3HaKOM

«t», Tak Kak sin2@=2sin@-cos¢p, y Hac sin2¢=1), Takum o0Opa3zom

sin(pz%.
BeicunTbiBaeM k03 PUUMEHTH 4, d,,, d,,, d,, 10 popMysaM (2.8)
—+2(—1)TT+1120, CNZ =1——2(—1)TT+1l
2
=(-5 3 5 3
()\/—()\/—\/— ()\/—()\/—\/—

Tem cambim 10 hopmysie (2.8) moaydaem ypaBHEHHE HalleW JIMHUU B Clie-

JYIOIIEM BUJIE:
8 2
0- X427 +2l — |-X+2| = |- y+25=0.
g ( ﬁj (ﬁ] g

[TpuBoIMM ypaBHEHHE K KAaHOHUYECKOMY BHY, BBIJICISS TOJHBIN KBajapar
mno y:

=2,

1° 1? 16 _
2( \/_y+\/_ \/_ j \/5 -25,

1Y 1 16 _
A v+—| —2.= ~25,
(y ﬁj NN

z-(%%}zz%-()’z—m-l—fj

[TonmyyaeM KaHOHMYECKOE ypaBHEHUE

(m%} _4f( —24. liéj

Wiu, nemas 3aMeHy IIEPEMEHHBIX, IOIydaeM ypaBHeHme p'° =4+/2 %'
B cucteme koopauHat O Xy, rae

- ~ 3 o~ 1
X'=X——F7=,Y =y+—.

N RN

[To Teopeme 2.3 maHHOE ypaBHEHUE MPEJCTABISIET COOOM mapadoiy.
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[{leHTp KAaHOHUYECKOW CUCTEMbI KOOPAUHAT B cucteMe OX) HMEET KOop-

TTUHATHI O'(i —L)
V27 A2)

Haiinem ero koopauHatsl B cucteme Oxy o ¢popmyiiam (2.3)

3 1 1 1
X=XCcos@—ysinQ = : - - . =2,
(pyq)ﬁfz(ﬁjfz 4y

~ . ~ 3 1 1 1 o P
y—xs1n(p+yc05(p—\/§-\/§+(—\/§j-\/§—1. . \}'ﬂ_
CnenoBarensuo, O'(2,1). X

Ormser: 77 =4+2-% - mnapabona (PHCYHOK =—fi— f — -

2.3), KaHOHHYECKas CHUCTeMa KOOpJAWHAT O'(2,1), -+ £ '

1 1 I 1

2.4.3 IlpuBeneHue ypaBHEeHUS KPUBOM BTOPOr0 MOPSIAKA
K KQHOHHYC€CKOMY BU/1Y ¢ IOMOIIbI0O HHBAPUAHTOB
Bennunna wim kako-1u00 OOBEKT, HE MEHSIIOIIMICS MPU T€X WM HHBIX

peoOpa3oBaHUAX, HA3bIBACTCS UHBAPUAHMOM 3THX NpeoOpa3oBaHMUM (HANpHU-
Mep, IUIOIIA/Ib TEJICKKM — WHBAPUAHT JIBUKEHUS, MOPSAJIOK alredpandeckou

JIMHHUU — HHBAPHUAHT I[BI/I)KCHI/IH).

Brenem cnenyromme unsapuanmot:
— WHBApPHUAHTHI OTHOCUTEIBHO 108OpOmMa M cO8u2a CUCTEMbl KOOPJIUHAT.

all alZ a13
A _ . D _ al] alz _ 2, ] _
=4y 4y, Ayl - =4a,a, —a,, 1 =4, + dy, -
a12 a22
al3 a23 a33
— WHBapUaHT OTHOCHUTEIILHO 1080poma cucmemvl Koopounam (noyun-
sapuanm):
a, a, |a, a
11 13 22 23
B = + .
al3 a33 a23 a33
a, — A a,
Kopau xapakrepuctuueckoro ypaBHeHus [(A)= \ WIn
a a, —
12 22

N —IL+D=0 saBustoTca COOCTBEHHBIMH 3HAYEHHUSMH BEIIECTBEHHOU CHUM-

a. a
METPUYHON MaTpuIpl | | U, KaK CJIeJICTBUE ITOT0, BCE/IA BEILIECTBEHHEL.

a12 a22
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KpuBasi BTOpOro mnopsiika Ha3bIBaeTCsl HegulpodcoeHHou, ecmu A # 0,
B IIPOTUBHOM CJIy4yae KpUBasi HA3bIBAETCS 8bIPONHCOEHHOU.

HeBpipokaeHHAss KprBasi BTOPOTO MOPSAKA HA3bIBAETCA YEHMPAIbHOU, €C-
mu D # (0, B IPOTUBHOM ClIy4ae KpUBasi HA3bIBAETCSA HeYEeHMPALIbHOU.

Teopema 2.4. (/lpuznaxku munos nunuil). HeoOXoaumbie U AOCTATOYHBIC
MIPU3HAKY KaXKJIOTO U3 JAEBIATH KJIACCOB JIMHUI BTOPOTO MOPSAKA CIIETYOIIUE:

I'pynma I (MMerOT €TMHCTBEHHBIN LIEHTP).

1) smmunc: D>0wu I-A<0;

2) mauMBIN ytunic: D >0u 1-A > 0;

3) n1Be MHUMBIE TIepecekaroruecs npsmeie: D >0 u A =0;

4) runepbona: D <0 u A #0;

5) nBe nepecekaromtuecs npsmeie: D <0 u A =0;

['pynma II (He umeroT 1IeHTpa).

6) mapadoma: D=0u A #0;

['pynma III (umeroT mpsimyto LieHTpoB ock Oy).

7) nBe napaymensuble npsmbie: D =0, A=0u B <0;

8) n1Be MHUMBIE TTapasuiesibHbie psiMbie: D =0, A=0u B > 0;

9) nBe copmnanaroniue (cnuBimecs) npsimeie: D=0, A=0u B =0.

Teopema 2.5. Ecnu uHHUS BTOPOTO MOpsiiKa 3a7aHa OOIIMM ypaBHEHUEM
otHocuTenbHO IIJICK, To €€ mpocreiiniee (KaHOHUYECKOE) YpaBHEHHE HMMEET
BU/I:

I'pynmna I (munus nentpanbHas) (. 1 —o. 5 Teopemsr 2.3) ,

AXE+AY? +%=O,HpI/IBHaK D #0. (2.9)
I'pynma IT (Het uentpa) (. 6 Teopemsi 2.3) ,
I1-Y>+2 —éXZO,HpI/IE;HaKD:O,AiO. (2.10)
['pynima I (mpsimast ienTpoB) (1.7 — 1. 9 Teopemsr 2.3) ,
I-Y2+§:O,an3HaKD:O,A:O. (2.11)

AJITOPUTM TNIpUBeJdeHUs] K KAHOHMYECKOMY BHJIY YpPaBHEHHS
JIMHUYU BTOPOT0 MOPSIAKA C NOMOIIbI0O HHBAPHMAHTOB

Paccmorpum ypaBHenuwe smHUU (2.1). BeimuceiBaem k03 PUIIMEHTHI
a,,i=13,j =13, yunrsiBas, 4To B ypaBHEHUH (2.]) HEKOTOPBIE U3 HUX CTOAT C

MHOXUTEJIEM 2.

Jlns Toro yToOBl IO TeopeMe 2.5 ompenenuTh, KaKkyl TpYMIy BbIOpaTh,
cuutaeM D: eciau OH HE paBeH HYII0, TO BeIOMpaeM rpynny I, cautaem [, A,
HaxoAuM A, U A,, M Bc€ HEOOXOauUMbIe 3HaUeHUs nojcrasisgeM B (2.9). [lpu-

yeM He BaXKHO, Kakoil kKopeHb OpaTh 3a A, a kakoil 3a A,. IlomyueHHoe
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ypaBHEHUE aprU(PMETUYECKUMU MPEe0OPa30BaHUIMU MTPUBOJUM K KaHOHUYECKO-
My BUJly U TIO T€OpeME 2.3 ONpENEsieM €ro.

Ecmu D =0, To cuntaem A. B 3aBUCMMOCTH OT TOTO, HYJICBON WJIM HEHY-
neBoi uHBapuaHT A, BeiOupaem rpyniy Il wim rpynmy 111, Beruncisem Bce, 4To
Tpedyertcs, 3anucbiBaeM ypaBHeHue (2.10), wim (2.11) cooTBETCTBEHHO, KOTO-
poe MOTOM OMpeAesieM Mo KiaccuukarmoHHoM Teopeme 2.3.

3ameuanue 2.3. JlaHHBI anrOpPUTM IMPUBOAUT HAC TOJIBKO K KaHOHHYE-
CKOMY YPaBHEHMIO, 10 KOTOPOMY MbI MOXKEM ONPEICIUTh JINHUIO, U HE AT
HaM OIPEIEIUTh KAHOHUYECKYIO CUCTEMY KOOPIUHAT.

Bonpocsl 1Jis1 CAMOKOHTPOJIS

1 Yo Ha3bIBaETCSA SKCUEHTPUCUTETOM JIMHUKA BTOPOTO MOpsAIKa?

2 ChopmynupyiiTe qTupeKTOpaIbHbIe CBOMCTBA JUIUIICA U TUIIEPOOJIBI.

3 Vkaxure o01ue CBOMCTBA aNreOpanyecKuX KPUBbIX BTOPOTO MOPSIAKA.

4 Hanumwure mnapamMeTpUuyecKue ypaBHEHUS JJUIMIICA, TUNEPOOIIBI
1 1mapadoIbl.

5 Ykaxunre ypaBHEHUE JUHUA BTOPOrO NOPSAKA B MOJISIPHBIX KOOPAUHATAX.

6 ChopmynupyiiTe KilacCUPUKALMOHHYIO TEOPEMY JJIsl TUHUNA BTOPOTO MO-
pAIKa.

7 Kak mpuBOaUTCS KpHBasi BTOPOTO MOPAJIKAa K KAHOHUYECKOMY BUAY C MO-
MOIUIBI0 TPE0Opa30BaHUs KOOPAUHAT?

8 UTo Ha3bIBaeTCsl MHBapUaHTAMU MPEOOPa30BaAHMUS?

9 OnumuTe anrOpuUTM NPUBEICHUA K KAHOHUYECKOMY BUJly YPABHECHHM JIH-
HUW BTOPOTO MOPSAJIKA C TOMOIIBI0 HHBAPUAHTOB.

3 JIuHelHbIe MATPUYHDbIE ONlEPALMH

3.1 IlousiTHE MATPHUIIBI

[IpsiMoyrosibHas TabyUIa, COCTaBIEHHAs U3 m X n aaemenmos a, (i =1,m,

j =1,n) HEKOTOPOTr0 MHOXECTBA, HA3bIBACTCS Mampuyel pazmepHoCmu m X n
Y 3aIIUCBIBACTCS B BUJIC

all aIZ aln
a a a
21 22 2n
: (3.1)
a a a

ml m2 °e mn

rac m 9ucCjio CTPOK U 71 YUCIIO0 CTOJ'I6I_IOB.
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Martpuiipl Oyem 0603Ha4aTh OOJNBITMMU JATUHCKUMH OYKBaMHU.
DneMeHT MaTpHIlbl HyMepyeTcs AByMs MHIeKcaMmu. [lepBoiii MHACKC i de-
MEHTa a, 0003HaYaeT HOMEP CTPOKH, & BTOPOH j — HOMED CTOJIOLA, Ha Mepece-

YCHHUH KOTOPBIX HAXOJAUTCA 3JICMCHT a,.

3.2 Knaccupurkauusa MaTpuil

[TycTh m 4KCIIO CTPOK U 72 YUCIIO CTOJIOLIOB.
1. Ecnu m #n, TO MaTpHIla Ha3bIBACTCA NPAMOY20bHOU, OHA UMeeT Buj (3.1).
2. Ecnu s)xe m = n, TO MaTpulla Ha3bIBACTCS K8AOPAMHOU.

all a12 aln
a a a
21 22 2n
. (3.2)
a a a

nl n2 °e nn

3. B wactHoctH, eciim m = 1, n > 1, TO Matpunia Ha3bIBACTCA Mampuyel-
cmpokou: (ap; ay ... a,)
4. Ecou ke m > 1, n = 1, To MaTpuIia Ha3bIBACTCS Mampuyeii-cnmoioyoM.

all

aZl

a

nl

5. Ecim )xe m = 1, n =1, TO MaTpuIiia Ha3bIBACTCS Mampuyel — YUciom: (a,,)
6. Matpuiia, y KOTOpOil Bce 3JIEMEHThI PaBHBI HYJIIO, HA3bIBACTCS H)1€601
mampuyet.
0O ... 0

mxn

0 .. 0

7. KBanpaTHas MaTpuiia Ha3bIBa€TCH:
— e0UHUYHOU, €CIIM BCE DJIEMEHTHl HYJIM, a Ha TJaBHOW JHAroHajld CTOST
€ IMHUIEI

0 .. 0

01 ..0
Enxn: 9
00 .. 1

— mpeyeosibHOU, €CIIM BCE BJIEMEHTHI Bblllle (HUXKE) IJIaBHOM HAaroHaIH
HYJIH:
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a, 0 0 a4y a,

a) BepxHsas A = I 1. 0) HIWKHAL B, = 0 @ “an
Y nxn ’ nxn

a, a, .. a O 0 .. a,

nl n2 nn

— 0ua20HaﬂbH01:Z, CCJIM BCC BJICMCHTBI HYJICBBIC, KPOMC 3JICMCHTOB rJIaBHOU

AvaroHaju
a, 0 .. 0
c - 0 a, ... O
nxn
0O 0 .. a,
Yucno cTpok B KBaJpaTHOM MaTPHULIE HA3BIBAKOT NOPAOKOM TAaKOH MATPULIBL.
all alZ
Hanpumep, marpuna €CTh KBaJpaTHas MaTpULla BTOPOTO MOPsJKa,
aZI a22
all a12 a13

a Marpuna | a,, a4, dad, | €CTb KBaJlpaTHasA MaTpullia TPETbEIo MOPAJAKa.

a31 a32 a33
JIBe Mmatpuiibl A U B Ha3piBaroTCcs pasHvimu (A = B), €cliu OHU OJMHAKOBO-

o pa3Mepa U X COOTBCTCTBYIOIIUC 3JICMCHTLI paABHbBI, TO CCTh a, = by .

all a12 bll b12
Tak, ecitn A = , B= ua =b
a21 a22 b21 b22

a,=b,, 10 A=B.

22

3.3 Onepauusi TPAHCIIOHMPOBAHUSA MATPUIL
Eciu B matpunie A Buna (3.1) caenath BCe CTPOKH CTOJIOIAMU C TEM JKe
HOMEPOM, TO MOJIYYUM MaTPUILY

a4y a,.
a a oo a
t 12 22 m2
A = ,
aln a2n amn

KOTOPYIO HAa3bIBAIOT MPAHCHOHUPOBAHHOU K MaTpUIEe A.

CBoiicTBa TPAHCTIOHHMPOBAHUS MATPHILL
1. (AN =4A.
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2. (A+B)=4"+DB.
3. (AB)=B'A".
4. (ad)'=ad.

2 -1 -1 2
Ipumep 3.1. Haiitu 24'+ (4B),, ecin A= ], B= [ J

t , 2 -1Y 2 —-1\-1 2 2 3
a4 24" + (4B) = 2 + = 2 -
3.0 3001 3 -1 0
-3 1 4 6\ (-3 -3 1 3
+ = + = >
-3 6) (-2 0 1 6 -1 6

3.4 Onepauus CJI0KEHUS MATPUIl M €€ CBOMCTBA

CKJIaI[BIBaTB W BbIYUTATh MOJKHO TOJIBKO MAaTPpHUIlbl OAMHAKOBOI'O pa3dMeEpa.

Cymmort IByX Matpull A 1 B 0IMHAKOBOTO pa3mMepa m X n Ha3bIBACTCA MaT-
punia C pa3MepHOCTH mXn, 3JIEMEHTbl KOTOPOM paBHBI CYMME COOTBETCTBYIO-
KX 3JeMeHTOB MaTpull A u B. O6o3navaercs: A + B = C.

-1 4 2 2 -3 1 1 1T 3
IMpumep 3.2. + = .
3 01 0 4 -2 3 4 -1

Paznocmwuio nByx mMatpuil 4 1 B pa3MepHOCTU m X n HA3bIBAETCS MaTpHUIIA
C pa3MepHoOCTH m % n Takas, yto A = B + C. Ob6o3Hauaercs: A — B = C. U3 om-
peneneHus clelyeT, 4YTo 3JIeMEeHThl MaTpullbl C paBHBI pa3HOCTU COOTBETCT-
BYIOIIMX DJIEMEHTOB MaTpuil 4 u B.

2 -1 -1 4 3 -5
IIpumep33. |3 0| -] 0 2|=(3 2
4 2 1 1 3 1

CgoiicTBa CJ10KEeHUSI MATPUI

1. CnoxeHnre MaTpuIll KOMMYTaTUBHO, TO €cTb A + B = B + A 1151 mo0ObIx
matpull 4 u B pazmepa m X n.

2. CnoxeHne MaTpuIll acCOIMaTUBHO, TO ecTh (A + B) + C=A + (B + O)
111 TE00bIX MaTpull A, B, C oAuHaKOBOM pa3MEpHOCTH.

3.4+ 0 =0 + A4 = A nna moboit MaTpulibl A pa3MEPHOCTH, COBIIAJIat0-
e ¢ pa3MEePHOCTHIO HyJIeBOM MaTpHIlbl O.
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3.5 Onepauusi yMHOKEHUS MATPHUIbI HA YUCJI0

lIpoussedenuem mampuysvt A Ha yucio o Ha3bIBaeTCs maTpuua oA, sie-
MEHTBl KOTOPOW paBHBI MPOU3BEIACHUIO YUCIA O HAa COOTBETCTBYIOIIUE 3Jie-
MEHTBI MaTPHUIIbI 4.

2 -1 -1 3
IIpumep 3.4. Boeruucnure 24 — 3B, ecniu A = (3 2) , B =( 0 4].

e, oy 2 (2 2

3.6 IlpousBenenne MaTpPUIl U €ro CBOMCTBA

IIpoussedenuem Matpuilbl A pa3MEPHOCTU M X n U MaTpPULbl B pa3zmepHo-
cT n % k HasbiBaeTcs mMatpuiia C pasMEpHOCTH m X k, 3JIEMEHTBI KOTOPOH ¢,

BBIUMCIISIOTCS KaK CyMMa MPOU3BEIEHUI COOTBETCTBYIOIUX AJIEMEHTOB a, i-i
CTPOKM MaTpuibl A W 3JEMEHTOB b, j-ro CTOJOLA MaTpUIbl B, TO €CTh

c,=ab, +a,b, +.+ab, , ic{l,2,..,m};jell,2,..., k}.
IHpumep 3.5.

2
2 -1 3 1 -1
1) 3 2| = :
0 -4 -2 ~12 -10
0 1
3

NEEEAC (2 -6)
o 2l 1) \4 2 )
3 -1 1\ (=2 (-9

3o -2 1|3 |=-6
1 -1 2Jl0) |-5

CBolicTBa YMHOKEeHHS MATPHIL

1. YMHOXEHHE MaTpUll HEKOMMYTATUBHO, TO €CTb AB # BA.

2. YMHOXEHHE MaTpull acconuaTtuBHO, TO ectb A(BC) = (4B)C, eciu Ta-
KHE IPOU3BEACHUS CYLIECTBYIOT.

3. Ecmm A — matpuia pasmepa m X n, B — marpuna pasmepa n X k, TO
A-E,=AE,-B=B8.
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Bonpocsl 11 CaMOKOHTPOJISA

1 Yto HazpIBaeTCs MaTpuLer? Y KaXUTE BUIAbI MATPHIL.

2 Kak npou3BoauTcA onepanusi TPaHCIIOHUPOBAHUS U €€ CBOMCTBA?
3 ChopMyaupyiTe oneparuio cI0KEHUsI MaTPHUIL U €€ CBOMCTBO.

4 Kak npou3BOAUTCS YMHOXKEHHUE MATPUIIBI HA CKaJAp?

5 Kak npou3BoIUTCS oniepaius NpoU3BEAECHUS IBYX MaTpuIl?

6 YKaXuTe CBOMCTBA MPOU3BEACHUS IBYX MATPHII.

4 JleTepMHMHAHTBI KBAJIPATHBIX MATPHUI

4.1 IloHsiTHe onpeaeIMTe/ A KBAJPATHON MAaTPHUIbI

OmnpenenureneM n-To MOPSIKa HA3bIBACTCS YHUCIO A, , 3aIMCHIBAEMOE B BUJIC
KBaJIpaTHOM TaOJIUIIbI

a, 4, .. 4q,
a a .. a
21 2 2n
4.1)
anl an2 ann

N BBIYHUCIIEICMOC COIJIACHO YKA3dHHBIM HUIKC IIpaBuJIaM, I10 3alaHHbIM YHCJIaM

a,(i,j =1,n), KOTOpbIE HA3BIBAOTCS DJIEMEHMAMU ONPEOCTUMEIAL.
Omnpenenurens Takxke obo3Havaercs: det 4, | 4|, A .

4.2 MeToabl BLIYUCJIEHHUSA ONpeaeuTe/1eH

4.2.1 Onpenesures i BTOPOro mNoOpsaKa

PaccMoTpum KBaJipaTHYrO MaTpUIly BTOPOTO MOPSIKA

a, a
11 12
A= ( j .
a, a,

Onpedenumenem 8mopo2o nopsioka, COOTBETCTBYIOIINM MaTpHIle A, Ha3bl-
BAETCSl YUCJIO0, BRIUKUCIIsIEMOE TI0 (hopMyJie

a“ a
|A | T = q,a, —a,d,.

a P

DnemeHTsl a,,, a,, 00pa3yloT 21asHyI0 OUA2OHAb, & DIEMEHTHI d )

122
nobounyto, onpedenumens | A|.

27



-4 3
Ipumep 4.1. 5 7 =-28+6=-22.

4.2.2 Onpeneaureu TPEThero NOPsiAKa

PaccMOTpuM KBaJpaTHYIO MATPUILY TPETHETO MOPSIIKA

a, ap, a;
A= a, a, a
a a a

Onpeodenumenem mpemve2o NopsoKda, COOTBETCTBYIOIIUM MaTpulle A, Ha-
3BIBAETCS YMCIIO, BEIYUCIIsIEMOE 110 (popMyIie

all alZ alS
| A | - a21 a22 a23 -
a}l a32 a33

—a,d,,d,, + a,ayd, + a,da,d,, —d;d,a, —d,d,d,; —d,;d,d,,.

YtoObl 3aMIOMHHUTH, KaKu€ MPOU3BEACHUS B MPaBOil 4YaCTH paBEHCTBa Cle-
IOyeT OpaTh CO 3HAKOM «IUTIOC», @ KAKHE — CO 3HAKOM «MHUHYC», CIEAYyeT MpHu-
MEHUTH TIPABUJIO, HA3BIBAEMOE NpasuioM mpeyeoibHuka (pUucyHok 4.1).

Pucynok 4.1

IIpasuno Capproca — MeTo ] BBIUUCICHUS ONIPEACIIUTEINS MATPULIBI TPETHETO
nopsiika. Hapsaay ¢ mpaBuioMm TpeyroibHUKa OHO MPU3BAHO BHECTH B MPOIIECC
BBIYMCIICHUS ONIPENEIUTENST HArJSJHOCTh, YMEHBIIMB TEM CaMbIM BEPOSATHOCTH
BO3HUKHOBEHHMs omnOku. Hazgano o umenu ¢paniry3ckoro maremaruka lIbe-
pa @penepuka Capproca.

Onpenenurens HAXOAUTCI CYMMHUPOBAHUEM IIECTH MPOU3BEACHUN U3 TPEX
AJIEMEHTOB. /{eliCTBHE BBIMOJIHSIETCS COIJIaCHO cxeme (PUCYyHOK 4.2).

[lepBbie nBa cTONOIlA MaTpPUIlbl 3aMKMCHIBAIOTCSA CIIpaBa BO3JIE MATPUIIBI.
[Ipou3sBeneHus 3IEMEHTOB, CTOSIIIUX HA JIMHUSX CO 3HAKOM «ILTIOC», CKJIaIbl-
BalOTCS, 3aT€M CKJIABIBAIOTCS MPOU3BEIACHUS SJIEMEHTOB, HAXOASAIIMXCS Ha JIU-
HUSX CO 3HAKOM «MHUHYC:

det A= a,a,ds; + a,d,a,, + a,a,a, —a,a,d, —a,a,d,;; —a,;d,d,,.
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djp  dpp '313' djy  dyp

\><></

dy; dp 323: dp; dp

RN

@y @y Ay, Ay Ay

RN

Pucynoxk 4.2

I[aHHBIﬁ MCTOJ ITPUMCHUM JIMIIb JJIA OHpCHeHHTCHeﬁ TPCTHET'O IIOPAAKA, BbI-
YUCJIIATh METOAOM Capp}oca OIIPCACIINTCIIN 0oJiee BBICOKHX IMOPAAKOB HCJIb34.

Ipumep 4.2.
-1 2 0
.13 4 2| =4+0+4-0+2+6=28.
I 1 -1
1 0O
2.10 1 0 =1, To ecThb |E3|=1.
0 0 1

4.3 IlonsiTue MUHOPA

Munopom M;; anemenma a; Ha3bIBa€TCA ONpenenuTend (7 —1)-ro nmopsuka,
IIOJIyYCHHBIN U3 ONPEACINUTENS n-I0 TOpsAaKa A BBIYEPKUBAHUEM i-U CTPOKHU U
Jj-ro cToJidna.

Aneebpauveckum oononnernuem A; dIEMEHTA a;; ONPEICIUTEN Ha3bIBACTCA
ero MuHOp M;;, B3aTHIi co 3HaKoM (—1) 7, To ecTh A, =DM,

Ipumep 4.3. Beruucinum MuHOp My; U anredpanydeckoe JONOJHEHUE Ajs
AJIEMEHTA a3 B MATPULIE

2 -1 3
A=10 1 1
4 -3 2
< Beranciaum munop M;s:
2 -1 3
2 -1
My;=10 1 1= =—-6+4=-2.
4 -3
4 -3 2

Torma A»; = ( 1)2+3M23 =2.>
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4.4 Pa3jio:xxeHue onpeaeuTe s 0 CTPOKAM U CTOJI0LAM

1) Ecnu nopsnok n =1, To matpura uMeer BUI A =a,,, CIEJI0BATEIBHO,
onpenenurens det4=a,,.

2) Ecim mopsimok n >1, To mMarpunia A umeet Bua (3.2), onpeneauTesb
(4.1) BeIUMCHACTCS:
a) paslIoKEHUEM I10 i-i CTpOKe

detd=Ya, (-1)"*M,;

k=1

0) pa3JIoOKEeHHUEM TI0 j-My CTOJIOIY
detd=Ya,-(-)""M,.

3ameuanue 4.1. Eciu B onpenenuTese Bce JIEMEHTHI KaKON-TMO0 CTPOKH
(cTonb1a), KpoOMe OJHOTO, PABHBI HYJIO, TO MPH BBIUMCICHUHU OMPEACIUTENS
€ro yZ100HO pa3yioKUTh MO 3JIEMEHTaM 3TOU CTPOKH (CTOJIONA).

4.5 CeoiicTBa onpeaeanTeaen

CaoiictBo 4.1. Onpenenurens TPEYroabHOW MaTPHUIBI PABEH MPOU3BEIE-
HUIO JIEMEHTOB TJIABHOW JMAroHaju, TO €CTh

a, ap .. ap a, 0 .. O
0 ay .. ay,| _lay a ... 0| _
= =a,-a,-..-a
nn
0 o .. a, a, A, .. a,,

CroiicTBO 4.2. OnpenenuTenb MaTPUIIbl C HYJIEBOM CTPOKOW WJIM HYJIEBBIM
CTOJIOIIOM PaBEH HYJIIO.
CroiictBo 4.3. [Ipy TpaHCTIOHMPOBAHWY MATPUILIBI ONPEACIIUTEIb HE U3MEHSI-
ercs, TO €CTh
| 4]=14].
CroiicTBo 4.4. Eciu matpunia B nojiydaercsi U3 MaTpuilbl A YMHOKEHUEM
Ka)KJIOTO 2JIEMEHTa HEKOTOPOM CTPOKH Ha 4ucio k, TO

B|l=k|4].
CsoiicTBO 4.5.
ap app apy, ap dp a, ap dp a,
Ay T a, Ay +a;, Ay Y Ap| = A A2 | T |ar1 apr Ajy |+
anl an2 ann anl an2 ann anl an2 ann
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CnoiicTBo 4.6. Eciu MmaTpunia B nmoiydaeTca U3 MaTpuilbl A TepecTaHOB-
KOH JIBYX CTPOK, TO| B | =—|A | :

CaoiicTBO 4.7. OnpeaenuTesb MaTPUILIbI C TPOMOPIUOHATBHBIMYA CTPOKAMU
pPaBEH HYJIIO, B YACTHOCTH, HYJIIO PABEH ONPENEIUTEIb MATPULIBI C ABYMS OJIH-
HAaKOBBIMHU CTPOKAMM.

CgoiicTBO 4.8. OnpenenuTenb MaTpUIlbl HE U3MEHSIETCS, €CIIN K 3JIEMEHTAM
OJIHOM CTPOKH MPUOABUTH IJIEMEHTHI JPYroll CTPOKH MATPHUIIbI, YMHOXKECHHBIC
Ha HEKOTOPOE YHUCIIO.

3ameuanue 4.2. Tak, Kak 10 CBOWCTBY 4.3 ONpEACNIUTENb MATPULBI HE MECHSI-

€TCs TIPU TPAHCIIOHUPOBAHMH, TO BCE CBOMCTBA O CTPOKAX MATPHUIIBI BEPHBI U IS
CTOJIOIIOB.

Onpenenure/ib NPoU3BeAeHUsI KBAIPATHBIX MATPHIL

Teopema 4.1. Ecnu A u B — KBagpaTHble MATpPUIBl MOpsAKa H, TO
|4B|=]4]-|B].

Bonpocsl 1jis CAMOKOHTPOJISA

1 Yto Ha3bIBaeTCA ONpeAeaIuTeNeM KBaAPATHON MAaTPUILIBI?

2 Kak BBIUMCIISAETCS ONPEICIUTEL MATPUIIBI TTOPSIIKA 1BA?

3 OnumuTe CrocoObl BEIYUCICHUS OTIPEACTUTENS MaTPUIIBI ITOPSIKA TPH.

4 JlaiTe onpeneneHne MUHOPA SIIEMEHTA.

5 Kak Haxoutcs onpenenuTelib B o01IeM cirydae?

6 Chopmynupyiite crnocoObl HaXOXJIEHUS OINpeJeauTeNe pa3noKeHUueM
MO0 CTPOKE JIMOO CTOJOITY.

7 YKaxxuTe CBOMCTBA ONPEICIIUTEIICH.

8 Kak HaxoauTcs onpeaennuTeb TPOUu3BEICHNS MATPHUIL?

5 OOpatHbie MaTpHUIbI

5.1 AuredOpanveckue JOMOJHEHUA IJIEMEHTOB KBAJPaTHOU

MaTpPUIlbI

Anzebpauyeckum dononnenuem A; DIEMEHTA a;; ONPENEINTEIS HA3bIBACTCA
ero MUHOP Mj;, B3sTHIi co 3HakoM (—1)'7, To ectb 4, = (—1)"' M .

CroiicTBa ajired0pan4ecKux A0NMOJTHEHUN

1. Cymma nipou3BeIeHHM 3JIEMEHTOB CTPOKHU (CTOJIONA) HAa anredpanveckue
JOTIOJTHEHUS K DJIEMEHTaM 3TOU CTPOKH (CTOJ0I1a) paBHA OMPENCIUTEIII0 MaT-
PHIIBL:
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n

a, A, =det4.
j=t '

2. CymMMa Mpou3BEACHUIN 3JIEMEHTOB CTPOKHU (CTONOIA) OMpeaenuTeNs Ha
anredpanveckue JOMOJIHEHUSI K dJIEMEHTaM JApPYrod cTpoku (crosliia) paBHA
HYJIIO:

Ya, A, =0maizk.
j=t

3. CymMma npou3BeAeHUN 3JEMEHTOB «IIPOU3BOJILHON » CTPOKU Ha aireo-
panyecKue JOMOTHEHUS K 3JIEMEHTaM i-i CTPOKHM OMPEACIIUTENS paBHA ONpeie-
JIUTENI0, B KOTOPOM BMECTO I-i CTPOKH 3aMKcaHa «IPOU3BOJIbHAS CTPOKA.

5.2 IlonsiTHe OOPATHON MATPHULBI

OOpaTHas MaTpuIla CIY>KUT JIJIsl PEIICHUS MAMPUYHBIX YPAGHEHUU U 3aMe-
HSIET OTIEPALINIO Oe/leHus MATPHII.

Obpamnoii k KBampaTHOi Matpuile A Has3biBaeTcst Matpuna A4 ', KoTopast
IpyU YMHOXXEHUHM Ha MCXOJIHYIO, KaK CIpaBa, TaK U clieBa, JA€T €IUHUYHYIO
Matpuiy, To ectb A~ - A=A- A" = E,rne E — equaudHas MaTpuIia.

CroiicTBa onepanuu oOpaleHus:

1) (ad) =oa'47;
2) (4")" = 4;
3) (A")" =(4)".

Teopema 5.1. (0 eduncmeennocmu 0o6pamuol Mampuybl)

Ecau y mMatpuiisl A cymiecTByeT oOparHas MaTpulsl A~ , TO OHa €IUHCT-
BEHHA.

Teopema 5.2. (o cywecmsosanuu 0opamno mampuybl)

CrpaBeyIuBbI CIAEAYIONINE YTBEPKICHUS:

1) ecniu matpuiia 4 obpaTuma, TO CyIIECTBYET TOYHO O/iHA €l oOpaTHas Mart-
pHIIa;

2) oOpaTuMasi MaTpulla UMEET ONIPEACIUTENb, OTIIMYHBINA OT HYJIS;

3) ecnmu A u B — oOpatrmMbie MaTpUIlbl TOPSIAKA 1, TO MaTpulia AB obpaTu-
Ma, ipraéM (AB) '= B - 47"

KBaapartnass mMarpuiia, onpeaenuTesib KOTOPOW paBeH HYJIO, HAa3bIBAETCSA
BbIPOIAHCOEHHOM, NN 0cobenHoU. BBIpOXKIeHHass MaTpuUIlla HE UMEeT 00paTHOM.

3ameuanne. TOMbKO JJIs1 KBAIPATHBIX HEBBIPOXKICHHBIX MATPUI] BBOJUTCS
MOHSTHE O0OPATHOM MaTPHUIIBI.
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5.3 MeToabl BLIYMCICHUS O0PAaTHOM MATPHUIbI

5.3.1 BbiuuciieHus 00paTHON MATPUILI IPU MOMOIIA

ajJiredOpan4ecKux J0MOJTHEHUI

Crnenyromast TeopemMa Ja€T KPUTEPUN CYIIECTBOBAHUS OOpPATHOW MaTpPHIIhI
1 c110co0 €€ BBEIUMCIICHHUS.

Teopema 5.3. KBagpatHas marpunia 4 oOpaTuma TOT/ia U TOJIBKO TOTJa,
Kor/a e€ onpenenuTeab OTInYeH oT HyJs. Eciu \A\ =0, 1O

A A, .. A

o LA A A,
4 ’

A A A

In 2n °e nn

rae A, — anreOpan4ecKue JIOTOJHEHUS K DIIEMEHTY a; .

2 1
IIpumep. Haittu matpuily, oOpatHyto AJist MaTpullbl A = [ i 3}.
2 1
-1 3

Tak kak | A | # 0, TO cylecTByeT oOpaTHasi MaTpulla
A71 — L . An A21
‘A‘ Alz Azz .

3 -1
Beruncisiem Ay =3, A1 =1, Ay =1, A, = 2. Torna A= %(1 2 }D

<|A|=‘ ‘=6+1=7.

5.3.2 BoiuucjieHue 00paTHOl MATPHUIIbI
METO/I0M 3JIEMEHTAPHBIX NMPeodpa3oBaHuUil

[Ipeanonoxum, yTo MaTpulla A — HEBBIPOXKJICHHAS, U PACCMOTPUM METOJ
HaXOXKJEHUsI 00paTHOM MaTpHIlbl, OCHOBAaHHBIM Ha 3JIEMEHTAPHBIX ONEpaIlUsIX
HaJ CTPOKAMH.

B nanHOM KOHTEKCTE MO/ 3JIEMEHTAPHBIMU MTPEOOPa30BAHUSIMU TOHUMAETCS:

1) yMHO€EHHE CTPOKH Ha J1000€ HEHYJIEBOE YUCIIO;

2) npubaBlieHUE K OJHOM CTpOKe 000U JApyrou, npeaBapuTeIbHO YMHO-
KEHHOM Ha JIF000€ YUCIIO.

Jlemma. C moMoup0 3J€MEHTapHBIX MPEOOpa30BaHUN CTPOK MATPHUIIBI
MOYHO TTOMEHSITh MECTaMU JTIOObIE JIBE CTPOKHU.
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a,+a;...a, +a,
ail' ain ail +a]l ain +a]n
A=| .o, — Ly e, 7
(4 a.
J1 Jjn
Ajpoeendd, S RIS —-a,
ajl ......... a]n ajl ......... ajn
L) .................. L) ..................
—Q;.....—a,, Ao a,

AJropurm merojaa
1. CHavama cocTaBisieTCsl paClIMpPEHHAs MaTpULld — MPUCOCIUHEHUEM K
MaTpuie A eTMHUYHON MaTpullbl F:

a, a, .. q,|1 0 .. 0

n

a, a, .. a, |0 1 .. 0

(A E) = ’
a, a, .. a,/0 0 .. 1

2. 3aTeM ¢ MOMOIIBIO 3JIEMEHTAPHBIX OMNepanuil HajJ CTPOKaMH paclIupeH-
Has matpuna (4 | E) npeobpaszyercs k Buny (£ | B)

1 0 .. 0lb, b,

Py YR I 0lb, b, .. b,

0 0 .. 1}b

nl

b, .. b

3. 3anmceBaeM otBeT A = B .

Bonpocsl 1Jis1 CAMOKOHTPOJIS

1 Yto Takoe anredbpanveckoe JOMOJTHEHUE U €r0 CBOMCTBO?
2 Yto Ha3pIBalOT 0OpATHON MaTPHUIICH?

3 CdhopmynupyiTe TEOpeMbl O €IMHCTBEHHOCTH OOpaTHOM MAaTpPHIIbI
U O CYIIIECTBOBAHUH.
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4 OnumuTe crocod HaXOXJIeHHUsT 0OOpaTHOW MAaTPHUIIBl TIPU TTOMOITH anre0-
panvyecKux JOMOJTHECHU.

5 Onumure cnocod HAaXO0XKIAEHUS OOpaTHOM MATPHIBI MPH TOMOIIM dJie-
MEHTapHBIX TTPE0Opa30BaHUI.

6 Panr maTpuubl

6.1 IlousiTue MUHOPA & -r0 MOPSAKA U 02A3MCHOI0 MUHOPA

[Tycth A — MaTpuIa pa3mMepoB m X n, a k — HaTypajIbHOE YHCIIO, HE TIPEBOC-
xomsiee m U n: k <min{m;n}. Munopom k-eo nopsioka matpuiisl A Ha3bIBaeT-

Csl ONPENEIUTENb MAaTPULIBl A-TO MOPsAKA, OOPa30BAHHOW 3JE€MEHTaMH, CTOS-
IMMH Ha TIEPECEYEHUH MPOU3BOJBHO BHIOPAHHBIX K CTPOK U k CTOJIOIOB Mart-
putibl A. MuHOpbl k-rO mOpsimka OyJeM O00O0O3HAYaTh CIEAYIOIIUM O0pa3oM:

iy iy
M=%, Tie HoMepa BBIOpaHHBIX CTPOK OyzieM yKa3bIBaTh BEPXHUMH HHICKCAMH,

a HoMepa BIOpaHHBIX CTOJIOIIOB — HUKHUMH, paciioyiarasi ux 1o Bo3pacTaHHIo.
B matpuie 4 pasmMepoB m x n MUHOP 7-TO MOPSIKA HA3bIBAECTCS OA3UCHBIM,
€CJIM OH OTJIMYEH OT HYJISI, @ BCE MUHOPBI (7 + 1) -ro mopsiika paBHbI HYJIIO WU

UX BOOOIIIE HE CYIIIECTBYET.

6.2 OnpeneneHue panra MaTpuubl

Paneom mampuyst HazpiBaeTcsl MOPSIOK OazucHOro mMuHOpa. B HyneBoi
MaTpuile 6a3ucHOro MUHopa HeT. [loaToMy paHr HyJIeBOW MAaTpHIIbI, MO OIpe-
JEJICHUIO TI0JIaraloT paBHBIM HYII0. PaHT MaTpuiel 4 o6o3HavyaeTcs rgA.

3ameyanust

6.1. Eciiu B maTpulile Bce MUHOPBI k-rO TOpSIIKA paBHbI HYJIIO, TO PaBHBI
HYJIIO 1 MUHOPBI 00JIe€ BEICOKOTO MOPSJIKA.

JleficTBUTENBHO, packiaaabiBas MUHODP (k +1)-ro mopsiaka mo Jr00u cTpo-

K€, MOJIy4aeM CyMMY MPOU3BEJICHUN 3JIEMEHTOB ATOM CTPOKHM HA MUHOPBI k-TO
MOpsiJIKa, a OHU PaBHBI HYJIIO.

6.2. Panr maTpuilbl paBeH HaMOOJIbIIIEMY MOPSJKY OTIIMYHOTO OT HYJII MU-
HOPa 3TON MaTPHUIIBL.

6.3. Ecniu xBagpaTHas MaTpulla HEBBIPOKIEHHAs, TO €€ paHT PaBeH €€ Mopsii-
Ky. Eciu kBagpaTHas mMaTpuiia BRIPOKACHHAS, TO €€ PAHT MEHbIIIE €€ MOPSIIKA.

6.4. Jl;1s1 padra npuMeHsIOTCA Takxke 00o3HaueHust RgA, rangA, rankA.

6.5. Pane onounot mampuysl ONPEeNIeTcsl Kak paHT OObBIYHOM (YHMCTIOBOM)
MaTpHUIlbl, TO €CTh HE OOpaljaeTcs BHUMAaHUE Ha €€ OJOYHYI0 CTPYKTypy. [lpu
ATOM paHr OJIOYHOW MAaTpHUIlbl HE MEHbBIIIE PAHroB e¢ 0J0KOB: rg(A|B)>rgA
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u rg(A| B) > rgB, NocKoJIbKY BCE MUHOPBI MaTpUIlbl A (WK1 B) SIBISIOTCS Tak-
e MUHOpaMHu 0J104HOM MaTpulibl (4 | B).

6.3 JIuHelHAs 3aBUCMMOCTh CTPOK U CTOJIOLOB MATPHUIIbI

Teopema 6.1 (Heobxo00umoe u docmamoynoe yciosue pageHcmea Hyuo on-
pedenumerst). JIns TOro 4ToObI ONpEIECIUTENIb ObLT PaBEH HYJII0 HEOOXOJIUMO U
JIOCTATOYHO, YTOOBI OJIMH U3 €ro CTOJOI0B (OJHA U3 €r0 CTPOK) ObLI TUHEUHOM
KOMOMHAIMEH OCTAIbHBIX CTOJIOIOB (CTPOK).

Teopema 6.2 (06 uneapuanmuocmu panea npu 21eMeHmMapHuLx NPeoopaso-
sanusx). [Ipu saemMeHTapHBIX MPeoOpa3oBaHUAX CTOJIOLOB (CTPOK) MATPHIIBI €€
paHT HE MEHSIETCSI.

CaencrBue 6.1. Eciiu ongHa cTpoka (CTon0€1]) MaTpUIlbl SIBJISETCS JIMHEH-
HOM KOMOWHAIMEW Apyrux ee CTpok (CToyOIOB), TO 3Ty CTPOKY (CTOJIOEI)
MOYXHO BBIYEPKHYTh U3 MATPUIIbl, HE U3MEHUB MPU TOM €€ PaHra.

JlecTBUTENBHO, TaKyI0 CTPOKY IpPH MOMOIIU 3JIEMEHTapHBIX Mpeodpa3o-
BaHUW MOXXHO CJIeJIaTh HYJIEBOM, a HyJeBas CTpPOKa HE MOXXET BXOJHUTH B Oa-
3UCHBIN MUHOD.

CaencrBue 6.2. Jlto0asi HEBBIpOXKACHHAS KBaJpaTHash MaTpulia sIBISETCS
AJIEMEHTAPHOW, JPYTUMH CJIOBaMHU, Jt00asi HEBBIPOXKJACHHAS KBaJIpaTHas Mart-
pHlIa SKBUBAJIEHTHA €IMHUYHON MaTPUIIE TOTO K€ MOPsJIKa.

3ameuyanus 6.6. Cnencreue 6.2 TEOPEMBI MOKHO YTOYHHUTH CIICIYIOLIMM
00pa3zoM: JIF0OYH0 HEBBIPOKICHHYIO KBAJIPATHYIO MATPHUILY, UCIIOIb3YS JIEMEH-
TapHble TpeoOpa30BaHUs TOJIBKO €€ CTPOK (MO0 TOJBKO €€ CTOJIOLOB), MOYKHO
NPUBECTU K €IMHUYHON MATPHIIE TOTO K€ MOPSIIKA.

Teopema 6.3 (0 panece mampuyst). Panr MaTpuiibl paBeH MaKCUMAJIbHOMY
YUCITY JUHEHHO HE3aBUCUMBIX CTPOK 3TOM MATPUIIBI.

CaencrBue 6.3. MakCUMaJIbHOE YUCIO JIMHEWMHO HE3aBUCUMBIX CTPOK B
MaTpuile paBHO MAKCUMAJIbHOMY YUCITY JIMHEHHO HE3aBUCUMBIX CTOJIOIIOB:

rgd =rgAd".

CaencrBue 6.4. Ilpu nneMeHTapHBIX MPeoOPa30BaHUSIX CTPOK MAaTPUIIBI
JUHENHAas 3aBUCUMOCTH (WJIM JIMHEWHAsT HE3aBUCUMOCTb) JIFOOOW CHCTEMBI
CTOJIOIIOB ATOM MAaTPUIIbl COXPAHSAETCS.

6.4 Teopema 0 0a3UCHOM MHHOpE U KPUTEPHil
BbIPOKIEHHOCTH KBAIPATHON MAaTPHUIbI

Teopema 6.4 (0 6azucrnom munope). B mpou3BoabHON MaTpuile A Kax bl
cTosiber (CTpoka) SIBIIETCS JTUHEHMHOW KOMOMHAIMel CTOJOI0B (CTPOK), B KO-
TOPBIX PACIIOIOKEH 0a3MCHBIA MHHOP.
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Teopema 6.5 (xpumepuii evipodicoenHocmu Keaopamuou mampuyst). Jns
KBaJI[PaTHON MaTpHUIlbl A CIEAYIOMIMNE YCIOBHUS SKBUBAJICHTHBI:

1. XoTst ObI OJIHA U3 CTPOK MATPUII A SIBISETCS JTUHEHMHON KOMOWHAIMEH
OCTaJIbHBIX CTPOK.

2. Xots Obl OJMH U3 CTOJOIOB MAaTPHUIIbl A SBJISETCS JTUHEHMHONW KOMOWHA-
AEN OCTAJILHBIX CTOJIOIIOB.

3. Omnpenenurtenb MaTpullbl A paBeH HyJt0, TO ecTh det 4 =0.

Bonpocsl 1Jisi CAMOKOHTPOJIS

1 JlaifTe onpeneneHre MUHOpa k—To mopsiaka.

2 Kakoii MUHOp Ha3bIBAETCsI 0A3UCHBIM?

3 JlaitTe ompeiesicHue paHra MaTpULbI

4 Chopmynupyiite HEOOXOAUMOE U JIOCTATOYHOE YCIOBUE PABEHCTBA HYIIIO
OTNIPEAECTUTEIISI MATPHUILBI.

5 ChopMmynupyite TeopemMy 0 6a3MCHOM MUHOPE.

6 B ueMm 3akirodaeTcs KpUTEpUi BBIPOKICHHOCTH KBaJAPaTHOW MaTPHUIIbI?

7 AkcMoMaTHYeCKoe onpeaeieHue
JIMHEHHOI'0 MPOCTPAHCTBA

7.1 Aaredpandeckue onepauum

bunapHoil anreOpanueckoi ornepanueil Ha MHOXKeCTBE X Ha3bIBAETCA OTO-
Opaxxenue nekaproa kBagpata X x X B X. Ecnmu @: X x X — X — OunapHas
omepals Ha X, TO KaXJI0oW yrnopsjgodeHHou mape (a,b) anemeHToB n3 X x X
COOTBETCTBYET OJTHO3HAYHO OIPE/CIICHHBIN 3JIeMEeHT ¢ = ¢(a,b) u3 X . bunap-

HyI0 omepamuio Ha X 0003HAYalT OJHHM U3 CICAYIOIMHUX CHMBOJIOB:
+,@,0,®,% g 1. 1. Eciim BMecTo ¢ yciioBuMcs mucath °, TO BMecTo ¢ = ¢(a,b)

CJIeyeT Imucath ¢ =aob.

Hanbonee yacTto UCcHoJb3ylOTCs JIB€ (POPMBI 3allMUCU ONEpalldid: aJIIUTUB-
Has ¥ MyJbTUIUTMKaTHBHAsA. [Ipn agnuTuBHON (popMe 3amrcH orepannio Ha3bl-
BAIOT CJIOKEHHEM M BMECTO € = a o b mumyTt ¢ = a + b . [Ipu MyIbTHUIIIUKATHB-
HOM (hopMe 3alMCH ONepallrio HA3bIBalOT YMHOXKEHHEM M BMECTO C =aob
OUIIYyT ¢ =a-b umu c=ab.

['oBOpAT, 4TO HA MHOXECTBE onpeoeieHa OWHapHas omnepauus (yMHOXKe-
Hus), ecnu ab e X s Beex a,be X .
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7.2 OnpeaeneHue JUHEHHOT0 MPOCTPAHCTBA

llone B oOmel anreOpe — anredpanveckas CTPyKTypa, IJs 3JIEMEHTOB KO-
TOPOU OIpEACIICHbI ONePaIliu CIOKCHUSI, BEIUUTAHUS, YMHOKECHUS U JCICHHUS
(KpoMe JieJieHUs Ha HYJIb), IPUYEM CBOMCTBA ATUX OMNepalnii OJM3KU K CBOUCT-
BaM OOBIYHBIX YMCJIOBBIX OTIEPALIHIA.

3ameuaHue: XOTd Ha3BaHUs ONepaldid MOJA B3SThl U3 apU(PMETUKH, Clie-
IyeT UMETh B BUAY, YTO DJIEMEHTHI TTOJISI HE 00SI3aTEBHO SABJSIOTCS YHCIIaMU, U
OTpE/ICJICHUS OTIEpaliii MOTYT OBITh TAJIEKU OT apU(PMETUUECKHUX.

Ecnu packphITh yka3zaHHOE BBIIIE ONPECICHUE, TO MHOXECTBO P C BBe-
OEHHBIMU Ha HEM anreOpanyecKUMH ONEpalUsIMU CIOXKEHUS + U YMHOXKEHUS *
(+:PxP—> P, *:PxP— P, 10 ectb Va,be P Bumonnserca (a+b)eP u
(a * b) € P) Ha3bIBaeTCA Noem <P, +, *> , €CJTU BBITIOJTHEHBI CJIETYIOIINE AKCHOMBI:

1) KOMMYyTaTUBHOCTH clloKenus: Va,be P a+b=>b+a;

2) acCcOIMaTUBHOCTD cloxkeHus: Va,b,ce P (a+b)+c=a+(b+c);

3) cymectBoBaHue HyJieBoro anementa: 30 e P: Vae P a+0=a;

4) cyliecTBOBaHUE IPOTUBOIIOJIOXKHOTO 3jeMeHTa: Va e P d(—a)eP:
a+(—a)=0;

5) KOMMYTaTUBHOCTb YMHOXeHUA: Va,be P a*b=b*a;

6) acCOIMaTUBHOCTh YMHOXeHUs: V a,b,c € P (a*b)*c=a*(b*c);

7) CyllleCTBOBAaHHUE €AMHUYHOTO 3JieMeHTa: Je€ P: VYae P a*e=a;

8) cyliecTBoBaHME OOpPATHOTO AJIEMEHTa JJisi JJI000TO HEHYJIEBOTO JIEMEH-
Ta: VaeP:a#0,3a" eP:a*xa' =e;

9) IUCTpUOYTUBHOCTh YMHOKEHUSI OTHOCUTENILHO ClIOkKeHus: V a,b,c € P
(a+b)yxc=a*xc+b*c.

Akcuombl 1—4 COOTBETCTBYIOT OMpPEACIICHUI0 KOMMYTATUBHOW TPYMIIBI IO
CIIOXEHWI0 + Haa P, akCHOMBI 5—8 COOTBETCTBYIOT OMNPEACICHUI0 KOMMYTa-
TUBHOM TpynIibl o ymMHOXkeHuto * Hax P\{0}, a akcuoma 9 cBs3bIBaeT omnepa-
[IUU CJIOKEHUS U YMHOKEHUS U HA3bIBAETCS IUCTPUOYTUBHBIM 3aKOHOM.

IIpumepsl noJieii: 1)Q — parmoHanbHble yncia; 2) R — BEHIECTBEHHBIE
ymcna; 3) C — KOMIUIEKCHbIE uncha; 4) 4 — anredpandeckue yucia Haj MoJieM
panuoHaNbHBIX uncen (rmoamnose B nmose C); 5) uncna Buaa a + b2, a,be 0,
OTHOCUTEJIbHO OOBIYHBIX OIEpaluii CIOKEHUS M yMHOXKeHus; 6) F(x) — moje
panMoHaNbHBIX GyHKIUN BUuga f(x)/g(x), Tne f u g — MHOTOYJICHBI HaJl He-
KOTOpbIM TIosieM P (mpu 3ToM g #0,a f W g HEe UMEIOT OOLIUX JIeTUTENeH,
KpOM€ KOHCTaHT).

38



Jluneiinvim (6eKmMOpHbIM) NPOCMPAHCMB0M HA3BIBAIOT HEIYCTOE MHOXKECT-
BO V¢ 3alaHHBIMU Ha HEM ONEpaIMsIMU CIIOKEHUSI 1 YMHOKEHUS Ha YUCII0, KO-
TOPOE yAOBIETBOPSET CIEAYIOMIUM YCIOBHUSAM:

1) x+y=y+x, Vxyel

2) (x+y)+z=x+(y+2z2), Vx, y, ze V;

3) JeeV,uto vV xe V x +e=e+x =ux, (e— HyJIEeBOU 2JIEMEHT);

4) Vx e V, dy (IpOTUBOMOJNIOXKHBIN K X), UTO X + ) = e,

5)3 1 e P, uro Ix = x (1 — eAMHUYHBIN AIEMEHT);

6) a(Bx)=(aB)x, va,peC, vxe V;

7T a(x+y)=ox+ay; Vx, ye V, Va eC;

) (a+P)x=0ox+Px, vxe V, va,peC.

B nanpHeiinieM moj yuciamu OyJieM MOHUMATh TOJIBKO JIEWCTBUTENIbHbBIC

yucina. Ecnu V' — nuHeitHoe (BEKTOPHOE) MPOCTPAHCTBO, TO 3JIEMEHTHI MPO-
CTPAHCTBA Ha3bIBAIOT BEKMOPAMU.

HyneBoii BekTop o603Hauaetcs kak 0, a MPOTUBOIIOIOKHBIN K X KaK (—X).

7.3 OcHOBHBIE CJEICTBUA U3 AKCHOM JIMHEHHOT0
NMPOCTPAHCTBA

CaeacrBue 7.1. B KaxaoM JHUHEHHOM HOPOCTPAHCTBE HYJIEBOM BEKTOP
TOJIBKO OJWH.

CaencrBue 7.2. J[1g m000r0 BEeKTOpa X CYIIECTBYET TOJIBKO OJWH MPOTHU-
BOTIOJIOKHBIN BEKTOP.

CaencrBue 7.3. [Ipoussenenue 1r000ro BekTopa x Ha yuciao 0 paBHO HyJe-
BOMY BEKTODY.

CaencrBue 7.4. IlpousBefeHue HyJE€BOrO BEKTOpa Ha JI000€ YHUCIO O
PaBHO HYJIEBOMY BEKTODY.

CaencrBue 7.5. Ecnu npousBenenue qr000ro BEKTOpa X Ha JIF000E€ YHCIIO
0L paBHO HYJIEBOMY BEKTOpY, TO 060 o= 0 1u00 X — HyJI€BOU BEKTOP.

CaencrBue 7.6. IIpousseneHue 1000ro BeKTopa X Ha —1 paBHO BEKTOpY,
MIPOTUBOIOJI0XKHOMY X, TO €CTh (—1)x = —x.

CaeacrBue 7.7. B IMHEMHOM IPOCTPAHCTBE ONMPEJICIICHO JICMCTBUE BbIUM-
TaHue. BekTop x Ha3bIBaeTCs pa3HOCTBHIO BEKTOPOB b U a, ecnu x + a = b,
u obo3HavyaeTca x = b —a.

7.4 IlpuMepsl JJUHEHHBIX IPOCTPAHCTB

1. MuoxectBo V® (V?) BceX T€OMETPHYECKHX BEKTOPOB B IIPOCTPAHCTBE
(Ha TJIOCKOCTH) — BEKTOPHOE IMPOCTPAHCTBO HaJ R OTHOCHUTEIBHO JMHEHHBIX
orieparyii HaJl TCOMETPUUSCKUMH BEKTOPAMH.
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2. HawmnuoxectBe R" = {(x,,X,,....,X, )| x, € R}.
Beeném onepatnn Vx = (X,,X,,....,xX,) U VY =(V,V,5 Y, )s

X+y=(x,+y,X, + V00, X + V),
VAeR, Ax =(Ax,,Ax,,..,Ax).

Torma R" — BEKTOPHOE POCTPAHCTRO.

3. MmuoxectBo M (1, R) Bcex KBaJipaTHBIX MAaTPHIL #-TO MOPSIAKA C IEUCT-
BUTEJIbHBIMU 3JIEMEHTAMU U ONEPAlUSIMU CIIOKECHUS MATPUIl U YMHOKEHHUS Ha
YUCJIIO SIBJISIETCS BEKTOPHBIM ITPOCTPAHCTBOM.

4. MmuoxectBo R[a,b] Bcex HempepbIBHBIX Ha OTpe3ke [a, b] dyHKImi C
omnepanusaMi CIOXKEeHUST (YHKIUNA U YMHOXKEHUS (PYHKIIMU HA YUCIO — BEKTOP-
HOE IPOCTPAHCTBO.

5. MHoxecTBO P [X] BCEX MHOTOWIECHOB IIEPEMEHHOMN X CTEIIEHHU, HE IIpe-

BOCXOJISIIIEN N, SIBIIETCS BEKTOPHBIM ITPOCTPAHCTBOM.

6. HyneBoe BEKTOPHOE MTPOCTPAHCTBO, TO €CTh NPOCTPAHCTBO, COCTOSAILIEE
TOJIbKO W3 HYJIEBBIX BEKTOPOB: {0}.

7. MuoxecTtBO C — BEKTOPHOE MPOCTPAHCTBO, HA3BIBAETCA MHOKECTBOM
KOMILUIEKCHBIX YUCET.

7.5 HloanpocTpaHCTBA JIMHEHHOI'0 IPOCTPAHCTBA

Henycroe moaMHOXKECTBO L JTMHEMHOTO MPOCTPAHCTBA )} HA3bIBACTCS .Jiu-
HEeUHbIM NOONPOCMPAHCME0OM IPOCTPAHCTBA V, ecnu:

I)x +y e L,V x, y e L (MoANpOCTPaHCTBO 3aMKHYTO IO OTHOIIEHHUIO K
oTiepaIuy CJI0KEHUSA);

2) Ax € L,V xelL u moboro uucia A (MOAMPOCTPAHCTBO 3aMKHYTO IO
OTHOIIICHUIO K OTIepaIliid YMHOXKEHHS BEKTOpa Ha YHUCIIO).

JIs ykazaHusl TMHEWHOTO MOJMPOCTPaHCTBa OyeM UCIIOIb30BaTh 0003Ha-
yeHue L < V, a cJI0BO «JIMHEMHOE» OIyCKaTh JIJIsl KPATKOCTH.

3ameyaHus
7.1. YcinoBua 1, 2 B onpeneincHn MOMXKHO 3aMEHUTh OJHHUM YCJIOBHUEM:
Ax +uy €L, Vx, yeL u mo0ObIX yuCen A U L.

Pazymeercsi, 4TO 371eCh U B ONPENICIICHUU PE€Ub UJIET O MPOU3BOJILHBIX YHUC-
JIaX U3 TOTO YHCJIOBOTO MOJIs, HaJl KOTOPBIM OIPEAEIECHO MPOCTPAHCTBO V.

7.2. B nmo0oM JUHEHHOM MHPOCTPAaHCTBE V' MUMEIOTCS JIBa JTUHEWHBIX MOJ-
IPOCTPAHCTBA: &) caMO MPOCTpaHCTBO V, To ecTh V< V; 0) HyJeBoe MOAIpo-
ctpanctBo {0}, cocTosiiee W3 OJHOTO0 HYJEBOTO BEKTOpa MPOCTPAHCTBA V,
To ecTb {0} < V.

OTHU TOANPOCTPAHCTBA HA3BIBAKOTCS HECOOCMBEHHbIMU, 4 BCE OCTAJIbHBIC —
COOCMBEHHbIMU.
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7.3. JIto6oe moaAnpocTpaHCTBO L TUHEMHOTO MPOCTPAHCTBA V SIBISIETCS €r0
NOJIMHOXKECTBOM: L<V, cienoBareabHO, LcV, HO HE BCSIKOE MOIMHOKECTBO
McV gBisieTcsl IMHENHBIM MOANPOCTPAHCTBOM, TaK KAK OHO MOYKET OKa3aThCs
HE3aMKHYTBIM IO OTHOIICHHIO K TUHEVUHBIM OIEPAIHASIM.

7.4. [loanmpocTpaHCcTBO L JIMHEMHOTO MPOCTPAHCTBA V' caMO SIBJISIETCS JIH-
HEWHBIM IPOCTPAHCTBOM C TEMH K€ ONEPALMSIMHU CIIOKECHUS BEKTOPOB U YMHO-
KEHHUSI BEKTOpa Ha YHCJIO, YTO U B MPOCTPAHCTBE V, MOCKOJIBKY JISI HUX BBbI-
MOJIHAOTCS. aKCUOMBI 1—8.

IIpuMepsl JUHEHHBIX MOANPOCTPAHCTB

1. ITpoctpanctBo {0}, cocrosimiee U3 OJHOTO HYJEBOIO BEKTOpa MPOCTPaH-
CTBa V, ABisieTCS MOANPOCTPAHCTBOM, TO ecTh {0} < V.

2. llycrs Vi, V,, V3 — MHOXKECTBa BEKTOPOB (HAIpaBJICHHBIX OTPE3KOB) Ha
MpAMOM, Ha IUIOCKOCTH, B MPOCTPAHCTBE COOTBETCTBEHHO. Ecnu mpsimas mpu-
HaJJI€KHUT MJIOCKOCTH, TO V1< Vo< V3.

OnHaKo, MHOKECTBO €AWHUYHBIX BEKTOPOB HE SBJISETCS JMHEHMHBIM IOJ-
MPOCTPAHCTBOM, TaK KakK IMPU YMHOKEHHUHM BEKTOpPA HA YUCIIO, HE PaBHOE €IHU-
HHUIIE, TTOJTy4YaeM BEKTOP, HE TPUHAJIC)KAIUA MHOXKECTBY.

3. B n-mepHOM apudmeTruueckoM MpOCTPAHCTBE R" pacCMOTPUM MHOXKe-
CTBO L «IOJyHYyJIeBBIX» cTonOnoB Buaa x =(x,..x, 0..0)"c mociemHumu
(n—m) sneMeHTaMu, paBHbIMU HYJII0. CyMMa «IOJYHYJEBBIX» CTOJIOIIOB SIBJIS-
€TCsl CTOJIOLIOM TOTO K€ BHUJIa, TO €CTh ONEPALUs CIOKEHHS 3aMKHYTa B L. YM-
HOXXEHHUE «IOJIYHYJIEBOTO» CTOJIOLA HA YUCIO JAET «IIOJYHYJIEBOI» CTOJIOEL,
TO €CTh OIlepallus YMHOXXEHUS Ha 4uCiIo 3aMKHyTa B L. [Toatomy L < R", nipu-
yeMm dimL = m.

HanpoTtuB, MOAMHOXECTBO HEHYJIEBBIX CTOJOIOB R" HE ABISETCS JUHEH-
HBIM TMOJNPOCTPAHCTBOM, TaK KaK MPU YMHOKEHHUH HA HYJIb MOJIY4YaeTCs HyJe-
BOU CTOJOEI, KOTOPBIM HE MPUHAJICKUT PACCMATPUBAEMOMY MHOKECTBY.

4. IIpocTtpanctBo {Ax = 0} penieHuid 0OTHOPOJHON CUCTEMBI YPABHEHHUI C 1
HEU3BECTHBIMU SIBIICTCS MOJMPOCTPAHCTBOM #-MEPHOTO apUPMETHUECKOTO
npocrtpanctea R". Pa3MepHOCTh 3TOr0 MOAIPOCTPAHCTBA ONPEAEIISIETCA MaT-
putieit cucteMbl: dim{4Ax =0} =n—rgA.

MHoxecTBO {A4Ax = b} pemieHuil HeOHOPOaHOU cucTembl (ipu b #0) He
ABJISCTCSA HOANPOCTPAHCTBOM R", TaKk KaK CyMMa JIByX PEIICHUH HEOTHOPOI-
HOM CHUCTEMBI HE OyJIET PEUIEHUEM TOU K€ CUCTEMBL.

Bonpocsl 11 CaMOKOHTPOJISA

1 Kakue onepanuu Ha3bIBalOTCA alreOpandecKumMu?
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2 JlaitTe onpenesieHUe NOJIsl U IPUBEIUTE €T0 MTPUMEPHI.

3 Cdopmynupyiite omnpeaesieHre JTUHEWHOro MPOCTPAHCTBA U MPUBEIUTE
IPUMEPHI.

4 Kaknie OCHOBHBIE CIIEICTBUS BBITEKAIOT U3 AKCMOM JINHEMHOTO MPOCTPaH-
cTBa?

5 Yro Takoe moAIpOCTPAHCTBO JJUHENHOTO TPOCTPAHCTBA U €r0 NPUMEPHI?

8 J/InHeliHasa 3aBHCHMOCTD 3JIEMEHTOB JIMHCHHOI'0
NMPOCTPAHCTBA

8.1 IlonsiTHE JIMHEHHOM 3ABUCUMOCTH M HE3aBUCHMOCTH
BEKTOPOB

[Iycts V' — nuHelHOE npocTtpaHcTBO Hajd mnosieM P. Cucmemot 8eKkmopos
Ha3bIBAETCsSl KOHEYHAs IOCJIEA0BAaTEIbHOCTh BEKTOPOB d,,d,,...,d, IPOCTPaH-

ctBa V . HacTb DTOHM CUCTEMEI HAa3BIBAETCS €€ MOACUCTEMOI.

Belpaxenue Buga o,a, +a,a, +...4+ 0 a, Ha3bIBAECTCA JUHEUHOU KOMOUHA-
yueu 6eKmopos a,,a, ,...,d, .
KoneuHnas cucrema BEKTOpOB a,,d,,...,d, IPOCTPAHCTBA V' Ha3bIBAETCS Jiu-
HelHO 3a6UCUMOU, €CIT HAWyTCs TaKue 4uciaa o,,0,,...,0., HE BCE PABHBIE HY-

JH0, 94TO UMCCT MCCTO PAaBCHCTBO

oa +o,a,+..+o.a =0. (8.1)
Cuctema BEKTOPOB HA3BIBAETCS JIUHEUHO He3ABUCUMOU, €CIU PABEHCTBO
(8.1) mmeeT mecTo UMb TOTAQ, KOoraa o, =o, =...=a, =0.

Teopema 8.1. Cucrema a,,a,,...,a, € V' 1TMHENHO 3aBUCUMA TOTJA U TOJIb-
KO TOrja, Korja CyHIECTBYIOT TakKWe CKasIpel O ,d,,...,00, € R (nmm C),

Yol >0,9t0 a,a, +a,a, +...+oa =Y aa =0.
i=1

i=1

Teopema 8.2. Cucrema a,,a,,...,a, €V IMHEHHO HE3aBUCHMMA TOTJA U
TONBKO  TOrma, Korga w3  ycmoBus  » a.a, =0  cmemyer, dTO
i=l1

o, =

=a,=..=a, =0.

2

8.2 Ilpu3Haku JIUHEHHOW 3aBUCUMOCTH

Teopema 8.3. Eciiu B cucTteMy BEKTOPOB BXOJMT HYJIEBOM BEKTOp, TO OHA
JMHENHO 3aBHCUMA.

42



Teopema 8.4. Eciiu B cricTeMe BEKTOPOB UMEETCS JIBA PABHBIX BEKTOPA, TO
OHA JINHEWHO 3aBUCHUMA.

Teopema 8.5. Eciu B cucteme BEKTOPOB UMEETCS JIBA MPONOPIIMOHAIIBHBIX
BEKTOpA d, = Ad,, TO OHA JIMHEHHO 3aBUCHMA.

Teopema 8.6 (Kpumepuii runetinou 3asucumocmu). Cucrema u3z k > 1 Bek-
TOPOB JTIMHEWHO 3aBUCHMa TOT/Ia U TOJBKO TOTJIA, KOT/Ia XOTA Obl OJIMH U3 BEK-
TOPOB €CTh JIMHEWHAs] KOMOMHAIUS OCTAJIbHBIX.

Teopema 8.7. JItoOble BEKTOPHI, BXOJAIIME B JIMHEHHO HE3aBUCUMYIO CHC-
TeMy, 00pa3yIoT JTUHEIHO HE3ABUCUMYIO MTOJCUCTEMY.

Teopema 8.8. Cucrema BEKTOpPOB, COJEepKaIasl JIMHEWHO 3aBUCUMYIO TTO/I-
CUCTEMY, JUHEWNHO 3aBUCUMA.

Teopema 8.9. Eciiu cucrema BeKTOpoB a,,4a,,...,d, JAHEWHO HE3aBUCHMA, A
MOCJI€ MPHUCOEINHEHNS K HEM BEKTOPAa @ OKa3bIBAETCS JIUHEWHO 3aBUCHUMOM, TO
BEKTOP a MOKHO Pa3JIOKWTh IO BEKTOpaM da,,d,,...,d,, U IPUTOM €IUHCTBEH-
HBIM 00pa3oM, TO €CTh KO3(P(DUITMEHTHI Pa30KEHUs HAXOATCS OJTHO3HAYHO.

8.3 ba3uc U KOOpAUHATHI BEKTOPOB
B JIMUHEHMHOM IPOCTPAHCTBE

[lycte V — nuHeitHOe nipocTpaHcTBO Haj nojeM P. Ecnu nns nroboro Haty-
PATBHOTO YUCIIA 7 B IPOCTPAHCTBE V UMEETCs 1 TMHEHHO HE3aBUCHUMBIX BEKTO-
POB, TO IPOCTPAHCTBO } HA3BIBACTCS OECKOHEUHOMEPHDBIM.

[Tycts mpoctpancTtBo V' He OeckoHeuHoMepHOoe. CHcTemMa BEKTOPOB
e,,e,,...,e Ha3pIBaeTcs 6a3ucom MpoCTpaHcTBa V), ecnu:

1) aTa cucTeMa TUHEMHO HE3aBUCHMA;

2) 1000 BEKTOp IMPOCTPAHCTBA SIBJISIETCS JUHEWMHONW KOMOWHAIMEW ATHUX
BEKTOPOB, TO €CTbY xe V, x = x,e, +x,e, +..+ X e, .

Teopema 8.10. B 11000M HEe OECKOHEYHOMEPHOM JIMHEWMHOM MPOCTPAHCTBE
BCE 0a3WChI COCTOST M3 OJJHOTO M TOTO YK€ YHCIJIa BEKTOPOB.

Ecmu e ,e,,...,e, — 0a3uc npocTpancTBa V, To 000 BEKTOp Xe V' MMeer
BUI: X = X,e, +X,e, +...+ X e — paznodiceHue 6eKmopa X 10 BEKTopaM 0azuca.

B srom ciydae ko3(PUUMEHTHI X, ,X,,...,X, Ha3bIBAIOTCI KOOPOUHAMAMU
eéexmopa x B 0a3zuce a.,i =1,_n U IUIIYT X = (X, X,,...,X, ).

Teopema 8.11. KoopiuHaThl BEKTOpa B 3aJJaHHOM Oa3uce OMPEAeIISTIOTCS
OJTHO3HAYHO.

Pa3znoxxeHue BekTopa mo BekTopam 0Oasuca yJ100HO 3alMUChIBaTh B MAaTpU4-
HoMt hopme. Ecim 0603HauNM
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€,

¢,
() =(x,x,..x,), [e] =] " |,

e

n

TO pa3joKE€HUE X=X, +X,e, +...+ X e SBIAETCA DIEMEHTOM MaTpHULIbI
(x)[e]. B atom ciiyuae Oynem nucathb x = (x)[e].

Marpunia (x) Ha3bIBA€TCS KOOPOUHAMHOU CMPOKOU BEKTOpa X, a MaTpHlla
[e] — 6azucnbvim cmonbyom Oasuca e,,e,,....e, .

Teopema 8.12. 1. Ilpu cnoxxeHuu ABYX BEKTOPOB, 3aJIaHHBIX B OJHOM Oa-
3HCE, COOTBETCTBYIOIINE KOOPANHATHI CKIIaIBIBAIOTCS.

2. Ilpu yMHOXEHUY BEKTOpPA HA CKAJSP €ro KOOPAMHATHI YMHOXKAIOTCS Ha
ATOT CKaJsp.

3. g mo0BIX BEKTOPOB X,y €V W 1000ro o € P BBINOJHSIOTCS pPaBEH-
ctBa (x + y) = (x) T (), (o) = a(x).

8.4 Ilepexoa oT «cTaporo» 0asuca K KHOBOMY» 0a3uCy

I[lycts e, ,e,,...,e, «CTapblii» U e|,e,,...,e. «HOBBII» — aABa Oa3uca JINHEH-
HOTO IpocTpaHcTBa V Hax noueMm P.
Torna mo06oii BEKTOp x € ¥, MOKeT OBITh 3allMCaH B BUIE:
x=o.e +a,e +.0a.e€,
wim x =Pe +B,e. +..+p e .

n n

Pa31i0:kuM BEKTOPHI CUCTEMBI ¢, €. ,...,e. TI0 BEeKTopaM 0asuca e, e,,...,e,:

,_

e =a,e +o,e +..0,e,
’ —

e,=a,e +a,e, +..0,e

2171 2n"n?

e =o0.e+a,e +..0 e.

nl 1 nn- n

Marpuna
11 alZ 1n
A (X’Zl a22 a2n
o o o

n2 °e nn

Ha3bIBaeTCs Mampuyen nepexodoa OT 0Oa3uca e ,e,,...,e

! ! !

e,e,,...,e . Ecnu Bo3bMEM 0a3uCHBIE CTOIOLIBI

K 0Oa3ucy

n
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14

el el

4

e e
[e]=| " |ulel=] " |,

e e

TO yKa3aHHas BBIIIIE CHCTEMa B MaTpuuHOi hopme OyaeT umeTh B [e'] = A[e].

Teopema 8.13. Marpuna nepexona OoT OJHOro 0Oasuca JMHEHHOTO MPO-
CTPAaHCTBA K JPYTrOMY HEBBIPOKICHHAS U UMEET OOPATHYIO MaTPHILY.

bonee toro, ecnmn 4 — Matpuiia mepexoga OT CTaporo O6asznuca K HOBOMY, TO
A™'— MaTpuIa Iepexoa oT HOBOro 0asuca K CTapomy.

Crnenyromiasi TeopemMa yCTaHABIMBAET CBSI3b MEXAY KOOpJAUHATAMU BEKTOPa
X B pa3HbIX Oa3ucax.

Teopema 8.14. Ilycth (x) — KOOpAMHATHAs CTpOKa BEKTOpa X B Oasuce
e,e,,...,e, , (x") — KoopJMHATHAsI CTPOKA BEKTOpa x B Oasuce e ,e.,...,e . Ecim

!

n?

A — wmatpuna mepexoga oT 0Oasuca e,e,,..,e, K 0asucy e, e,,...,e , TO

()=(x)4, (x)=(x)A4".

8.5 PazmMepHOCTH JIMHEHHOI0 MPOCTPAHCTBA

JIuneitHOEe HE OECKOHEYHOMEPHOE MTPOCTPAHCTBO V Haj 1ojeM P Ha3biBaeT-
Csl n-MepHbIM, €CIIH B HEM eCTh 0a3HuC, COCTOSIIHMKN U3 7 BEKTOpoB. Yuncio n Ha-
3BIBACTCS pazmepHocmvlo IpocTpaHcTBa V. HyneBoe nmpocTpaHCTBO Ha3bIBACT-
csl HyJapMepHBIM. Bee n-mepHble ipoctpancTa, 7 € {0,1,2,...}, Ha3pIBarOTCSA KO-
HEYHOMEPHBIMH.

Ywciio n Ha3bIBACTCS pazmMepHOCHbIO TIPOCTPAHCTBA V, eClii B HEM:

1) cymecTByeT 7 TMHEHHO HE3aBHCUMBIX BEKTOPOB;

2) moOble 7 + 1 BEKTOPOB — JTMHEMHO 3aBUCUMBI.

B arom cnydae numyt dimV = n u obo3Havatot V . Takum oOpazom, Oyaem

n-MEpPHOE MPOCTPAHCTBO 0003HauaTh yepe3 V . Ecnu nmuHEeiiHoe MpoCcTpaHCTBO

J 6eckoHEeYHOMEPHO, TO muIeM dimV = oo,
JIunennsie npocrpanctea V., V,, V., P, M(n,P), P [Xx] KOHEYHOMEPHBI.
Jluneiinsie npoctpanctBa P[x], Cla,b] sBasoTcs 0€CKOHEYHOMEPHBIMH.

8.6 CBsizb MeK1y pa3sMEePHOCTHIO U 0A3UCOM

Teopema 8.15. [l 1100010 7-MEpPHOrO JUHEWHOTO MPOCTPAHCTBA CIIpa-
BEJIJIMBBI CIEAYIOIINE YTBEPKICHUS:

1) Kaxayr0 TUHEMHO HE3aBUCUMYIO CHUCTEMY BEKTOPOB MOKHO JIOTIOJHUTH
1o Oasmca;
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2) nmrobas JWMHEHHO HE3aBHUCHMMAas CHUCTEMa W3 7 BEKTOPOB SIBIISICTCS
0a3uCcoM.

CaencrBue. B nuneiiHoM mnpoctpaHcTBe V, mobas cucremMa u3z n+l
BEKTOPOB SIBJISIETCS TUHEWHO 3aBUCHUMOHM.

Bonpocsl 11 CaMOKOHTPOJISA

1 Yto Takoe auHEitHass KOMOMHAIINS BEKTOPOB?

2 JlaiiTe omnpeaereHUe JUHEHHOW 3aBUCUMOCTH W JIMHEMHOW HE3aBUCHUMO-
CTU BEKTOPOB.

3 ChopMynupyiTe OCHOBHBIE TPU3HAKU JIMHEHHON 3aBUCUMOCTH BEKTOPOB.

4 Yo Ha3zpIBaeTCs 0a3MCOM BEKTOPHOT'O MPOCTPAHCTBA?

5 Kak 3anuchIBalOTCS KOOPAMHATHI BEKTOpPa B HEKOTOPOM Oasuce?

6 Kak ocymiecTBisieTcs: mepexo/] OT «CTaporoy 0asuca K «kHOBOMY» 0a3zucy?

7 ChopmynupyiiTe ornpeiesieHue pa3MepHOCTH JTUHEHHOT0 MPOCTPaHCTBA.

8 VYkaxuTe CBsI3b MEXJYy Pa3MEpPHOCThIO M 0a3MCOM JIMHEMHOro Mpo-
CTpaHCTBa.
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